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LONG TIME DYNAMICS FOR DAMPED KLEIN-GORDON EQUATIONS 


N. BURQ, G. RAUGEL, W. SCHLAG 


Abstract. For general nonlinear Klein-Gordon equations with dissipation we show that 
any finite energy radial solution either blows up in finite time or asymptotically approaches 
a stationary solution in x U. In particular, any global solution is bounded. The result 
applies to standard energy subcritical focusing nonlinearities 1 < p < (d+2)/(d—2) 

as well as any energy subcritical nonlinearity obeying a sign condition of the Ambrosetti- 
Rabinowitz type. The argument involves both techniques from nonlinear dispersive PDFs 
and dynamical systems (invariant manifold theory in Banach spaces and convergence 
theorems). 


1. Introduction 

Nonlinear dispersive evolution equations such as the wave and Schrodinger equations 
have been investigated for decades. For defocusing power-type energy subcritical or 
critical nonlinearities the theory is developed, while the energy supercritical powers are 
wide open. For semilinear focusing equations the picture is less complete for long-term 
dynamics. These equations exhibit finite-time blowup, small data global existence and 
scattering, as well as time-independent solutions (solitons). For the energy critical wave 
equation 

{u{0),dtu{0)) e H1(R3) X L^{R ^), 

in the radial setting, Duyckaerts, Kenig, and Merle KlSl achieved a breakthrough by 
showing that all global trajectories can be described as a superposition of a finite number 
of rescalings of the ground state W(r) = (1 -i- r^/3)“2 plus a radiation term which is 
asymptotic to a free wave. This work introduces the novel exterior energy estimates. The 
subcritical case appears to require different techniques, however. Nakanishi and the third 
author described the asymptotics of solutions provided the energy is only slightly 
larger than the ground state energy. The trichotomy in forward time of (i) blowup in finite 
time (ii) global existence and scattering to zero (iii) global existence and scattering to the 
ground state, can be naturally formulated in terms of the center-stable manifold associated 
with the ground state. 

The authors thank F. Merle, E. Hebey and M. Willem for fruitful discussions. In particular, they thank 
E. Hebey for having indicated them the paper of Cazenave 0- The first author was partially funded by 
ANR through ANR-13-BS01-0010-03 (ANAE). The third author was partially supported by the NSF through 
DMS-1160817. 
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In this paper, we develop a robust approach to the problem of long-term asymptotics of 
the general energy subcritical Klein-Gordon equations with (arbitrarily small) dissipation. 
The focusing damped subcritical Klein-Gordon equation in 1 ^ d ^ 6 (for the case 
d^7, see 0), is 


( 1 . 1 ) 


dfu + ladtU — Au + u — \uf = 0, 
(M(0),dfM(0)) = {(po,(pi) e'H , 


where 'H = H^(R‘^) x L^(R‘^), a ^ 0 and 

(1.2) 1 < 0 < 0% with e* = . 

d — 2 

We will limit our study to the case of radial functions 

9{racl = X . 

The energy functional below, also called Lyapunov functional in the dissipative case 
n > 0, plays an important role in the analysis of the behaviour of the solutions of 0. 
This energy functional is given by 

(1.3) E^{(po,(pi) = Q|V(po|^ + dx 

For the Klein-Gordon equation ( |1.1| ), it is known (see 1461 , 0 , Ill4l . ||3^ and llOl for 
example) that ( |1.1| | admits a unique positive radial stationary solution (Qg, 0) (the ground 
state solution), which minimizes the energy £®(.,0) in the class of all nonzero stationary 
solutions (Q, 0) in 'N, that is, 

0 < E^(Qg,0) = min{£(Q,0) | Q e ^ 0, -AQ + Q - |Q|®-1 q = 0} 

The behaviour of solutions of ( |1.1| | with initial data (cpo, cpi) e’H with energy E^{(po, (pi) < 
£®(Qg, 0) is rather well understood in the case a ^ 0 since these solutions remain in the 
so-called Payne-Sattinger sets (see Il42] ) for all positive times (and also negative times for 
a = 0). In these Payne-Sattinger domains, the solutions either blow-up in finite time or 
globally exist and scatter to 0 when a = 0 or converge to 0 for a > 0, respectively. For a 
description of this phenomenon in the case a = 0, we refer for example to the book t40l . 

It is also well-known that this equation has an infinite number of radial equilibrium 
points {e{, 0) with a prescribed number ^ ^ 1 of zeros (these are called nodal solutions, see 
for example |4l). Unfortunately, one knows almost nothing about the uniqueness and the 
hyperbolicity of those nodal solutions. f llTsl obtains uniqueness results for nodal solutions 
but for sub-linear nonlinearities). In the Hamiltonian case (a = 0), this in part prevents 
the description of the behaviour of the solutions u{t) of 0 whose initial data {(po,(pi) 
have an energy E^{(po, cpi) much larger than the one of the ground state (Q, 0). 

In 1985 Gazenave lH established the following dichotomy for the Hamiltonian case 
a = 0: solutions of ( |1.1[ ) either blow up in finite time or are global and bounded in *£/, 
provided 1 < 0 < -i-oo, if d = 1,2 with 0 ^ 5 if d = 2 and 1 < 0 ^ if d ^ 3 (the result 




LONG TIME DYNAMICS FOR DAMPED KLEIN-GORDON EQUATIONS 


3 


of Cazenave should extend to the case a > 0). In 1998 Feireisl 1231, for the dissipative case 
a > 0, gave an independent proof of the boundeness of the global solutions of ( |1.1[ ), when 
d ^ 3 and 1 < 0 < 1 + min( |) (for the case d = 1, see his earlier paper fITl l. 

Unfortunately, the proofs of Cazenave 13 and of Feireisl 1231 do not seem to extend to 
nonlinearities satisfying < 0 < when d ^ 3, where one needs to use Strichartz 
estimates in the various a priori estimates rather than Galiardo-Nirenberg-Sobolev in¬ 
equalities. In this paper, we restrict our study to the dissipative radial case {a > 0) and 
show the following dichotomy 


Theorem 1.1. Let a > 0 and d ^ 6. Then, 

(1) either the solutions of ED in THrad blow up infinite positive time, 

(2) or they are global in positive time and converge to an equilibrium point. 

In particular, all global in positive times solutions are bounded for positive times. 


We notice that this theorem is a particular case of Theorem 1.2 below. In |7!|, we will 
partly generalise this dichotomy to non-radial solutions. 


Actually the above dichotomy holds for some more general nonlinearities and, in this 
paper, we consider the damped Klein-Gordon equation in R'^, d ^ 6 (for the case d ^ 7, 
see IZl), 


{KG)a 


dfu + ladfU — Au + u — f{u) = 0 , 
{u(0),dtu{0)) = i(pQ,(pi) e 'Nrad, 


where / : y e R ^ /(y) e R is an odd C^-function, f'{0) = 0, which satisfies the following 
Ambrosetti-Rabinowitz type condition: there exists a constant y > 0 such that 

f {2{1 + y)F{(p)-(p{x)f{(p{x)))dx ^0 , Mcp e , 

JW 

where f(y) = J^/(s)ds. 

We also need to impose a growth condition on /, when d ^ 2. We assume that, 

|/'(y)| ^ Cmax(|y|^|y|®-^) , VyeR, 
l/'(yi) -/'(W)! ^ C(|yi - y 2 f + |yi - y 2 |®"^) , Vyi,y 2 e R, 




where 1 < 0 < 0*, 0 < < 0 - 1, 0* = 2=" - 1 and where 2* = oo if d = 1,2 and 2* = ^ 

if d ^ 3. We notice that, when d ^ 3, 9* = 

In other words, the growth of / is energy subcritical for large y = 0, and we also assume 
that f is |S-H6lder continuous. For sake of simplicity in the proofs below, we may assume, 
without loss of generality, that 0 < (I < min(0 — 1, ^^). 

We remark that our argument does not depend on the existence or uniqueness of a 
ground state solution. Note that Hypothesis {H.l)f alone does not imply the existence 
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and uniqueness of a ground state solution. We further note that Hypothesis may 

actually be replaced by the following weaker one: 

(H.lbis) f (2(1 + y)F{<p) — cp(x)f{cp{x)))dx ^ 0 , for \\<p\\h^ large enough. 

JTR‘> 

But, for sake of simplicity, we assume |(H.l)^ throughout. A classical example of a function 
/ satisfying hypotheses | (H. 1 and {H.2) jr|is as follows: 


nil 


m2 


(1.4) 


f{u) = '^ai\u\Pi ^ bj\u\F , with 1 < qj < pi ^ 
HI 


d + 2 


1=1 


d-2 


, vf, i 


and ai,bj ^ 0,flmi > 0 


In Section]^ we shall prove that the equation (KG)a| generates a local dynamical system 
on “TY as well as on "J-lrad, for a ^ 0. We denote Sa{t), a ^ 0, this local dynamical system. 
As in the particular case of the Klein-Gordon equation ( |1.1| |, we introduce the energy 
functional (also called Lyapunov functional in the case of positive damping a > 0) on'H: 


(1.5) 


Ei(po,(pi) = Q|V(po|^ + ^(pl + dx. 


The natural first step in the study of the dynamics of the equation (XG)a| consists in 
studying the boundedness or unboundedness of its global (in positive times) solutions. 
As already mentioned above, under restrictions on the growth rate of the nonlinearity, 
Cazenave HI and Feireisl 12^ established this boundedness. In this paper, taking advan¬ 
tage of the fact that all the functions are radial, we will show the boundedness of the global 
solutions of|(KG)a for n > 0, by using "dynamical systems" arguments. Indeed, we will 


show that each global solution u{t) converges to an equilibrium point as t goes to -l-oo. 

If the equation |(XG)ft admits a ground state solution and is Hamiltonian, the functional 
Kq : (p e H^(R‘^) f^o(<p) ^ IR defined as 


(1.6) ]<Co((p) = f {\V(p\^+ (p^-(pf{(p)) dx , 

Jr'' 

has played a decisive role in the description of the dynamics of the solutions with initial 
energy smaller or slightly larger than the one of the ground state (see |42l, Il40l for example). 
It will also be important in our situation. First we shall prove in Lemma [2^) that if 

u{t) = Sa{t){(po,(pi){t) = {u{t),dtu{t)) 


satisfies Ko{u{t)) ^ —6 (where 6 > 0), on the maximal interval of existence, the solution 
blows up in finite time. On the other hand, we will see that, if Ko{u{t)) ^ q for some finite 
7] on the maximal interval of existence, the solution exists and is bounded for all positive 
times. 

In order to prove that each global solution u{t) = Sa{t){(po,(pi){t) converges to an 
equilibrium point as t goes to -ioo, we argue by contradiction. If this trajectory u{t) is 
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unbounded in positive time, then there exists a sequence of times t„, t„ 
that 

KQ[u(tn)) >n^+oo 0 


’’n—>+00 


+ 00 , such 


Then, using this sequence of times f„, we show in Theorem 3.5 that the oi-limit set cu (cpo/ (pi) 
of {(po, cpi ) is non-empty and contains at least one equilibrium point (Q*, 0) of the equation 
(KG)a We recall that the cu-limit set co(q) 0 r ^i) of (cpo, (pi) is defined as follows: 

a)((po,(pi) = {we 9<rad I 3 a sequence t„ ^ 0, so that t„ +oo , 

and SaiT„)i(po,(Pl) ^n^+oo w} . 

Then, in Section [3^ taking advantage of the fact that the linearized Klein-Gordon equation 
around (Q*, 0) in the space 'Hrad has a kernel which is at most one-dimensional, we show, 
by using classical convergence arguments based on invariant manifold theory, that the 
trajectory converges to this equilibrium in positive infinite time, and is therefore bounded. 


Theorem 1.2. Let a > 0. Assume that 1 ^ d ^ 6 and that f satisfies the conditions (H.l) f and 
(H.2)f \ Let ((po,(pi) e “Hrad, then 

(1) either Sa{t){(po,(pi) blows up infinite time, 

(2) or Sa{t){(po,(pi) exists globally and converges to an equilibrium point (Q*,0) o/ |(i«CG)a 
as t ^ + 00 . 

For the case d ^ 7, we refer the reader to 0. 

To place this result into context, we now briefly recall various related convergence 
theorems. Since we are considering the equation (KG)^in the radial setting, the linearized 
Klein-Gordon operator around the equilibrium (Q*,0) has a kernel of dimension less than 
or equal to 1, that is, either 0 does not belong to the spectrum of the elliptic selfadjoint 
operator 

£^-A + I-f(Q*) 

or 0 is a simple eigenvalue of X (see Section]^ Lemma 2.10| . If 0 is a simple eigenvalue 
of X, then the dynamical system Sait) admits a local center manifold W‘^((Q*,0)) of 
dimension 1 at (Q*,0). Since the oi-limit set of any element ((po,(pi) e ’Hrad belongs to 
the set of equilibria, if the trajectory of Sa(t)((po,(pi) = uit) were precompact in 'Nradf 
we could directly conclude by using the convergence results contained in 0 or in 1261 
for example that the whole trajectory Sa(t)((po,(pi) converges to (Q*,0), when t goes to 
infinity. Unfortunately, we do not know that the trajectory Sa(t)((po,(pi) is bounded and 
thus we do not even know that the oi-limit set of ((po,(pi) is bounded and cormected. 
However, adapting the proof of IB Lemma 1] and using the asymptotic phase property 
of the local center unstable and local center manifolds around (Q*,0) (see Appendix A 
for these concepts), we easily obtain that the entire trajectory Sa(t)((po,(pi) converges 
to (Q*,0) as t goes to infinity. An alternative way for proving the convergence of the 
trajectory Sa(t)((po,(pi) towards (Q*,0) would be to use (instead of dynamical systems 
arguments) a Lojasiewicz-Simon inequality (see Sections 3.2 and 3.3 in the monograph 
of L. Simon Il45l and also ||2B Theorem 2.1]) together with functional arguments as in 
Jendoubi and Haraux (see Il27l or |[28l). The proof of the Lojasiewicz-Simon inequality 
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in 14^ uses a Lyapunov-Schmidt decomposition. In the special case where the kernel of 
X is one-dimensional, this proof also shows that the set of equilibria of {KG) a passing 
through {Q*, 0) is a C^-curve. Using this Lojasiewicz-Simon inequality and introducing an 
appropriate functional like in ||28l, we could show that the m-limit set of every precompact 
trajectory converges to an equilibrium point. Unfortunately, the trajectory Sa{t){(po,(pi) is 
not a priori bounded and it seems difficult to adapt the functional part of the proof of ||28l 
Theorem 3.1]. Moreover, there is an additional difficulty in the construction of such an 
appropriate functional coming from the fact that we need to use Strichartz estimates. So 
we have not been able to follow this route. 


The plan of this paper is as follows. Section is devoted to basic properties of the 

In particular, we recall the local existence and uniqueness 

we introduce the functional Kq, 


Klein-Gordon equation {KG) 


of mild solutions of the equation {KG)a In Section^ 
which not only plays an important role in the proof of Theorem |1.2| but also defines the 
well-known Nehari manifold N as the locus of the radial zeros of the functional Kq. In 
Lemma |2.7[ we give a sufficient condition on Kq for blow-up in finite time of the solutions 


of {KG) a We end this section by describing the spectral properties of the linearized 


Klein-Gordon equation around a (radial) equilibrium point. Section is the core of this 


paper. In Section 3.1 (see Theorem |3.5|l we show that if a solution u{t) does not blow 


up in finite posi tive time, then the m-limit set a){u{0)) contains at least one equilibrium 
point. In Section 3.2 we show that the whole trajectory u{t) converges to this equilibrium 
point and is therefore bounded. In Section we apply the classical invariant manifold 
theory, recalled in Appendix A, in order to construct the local unstable, center unstable and 
center manifolds about equilibrium points of the Klein-Gordon equation |(KG)a and the 
unstable, center unstable and center manifolds about equilibrium points of the localized 
Klein-Gordon equation ( |4.7| |. In Appendix A, we recall the existence theorems for local 
center-stable, local center-unstable and local center manifolds together with their foliations 
and exponential attraction properties with asymptotic phase in the formulation of Ghen, 
Hale and Tan (see |[TT|). Finally, in Appendix B, we recall the classical convergence theorem 
(see HI, 12^ or I26l ) in the generalised form given by Brunovsky and Polacik in 15|. 

Such a convergence theorem is needed in case the dynamics near the equilibrium 
exhibits a nontrivial center manifold. As a result of dissipation and the radial condition, 
this center manifold can be at most one-dimensional. For the nonlinearities ( |1.4| |, it is 
known that the kernel of the linearized operator about the ground state is trivial, see IllOl . 
But, due to the lack of precise description of the bound states, we cannot guarantee that the 
local center manifold is absent about a bound state. The local strongly unstable manifold 
is finite-dimensional. The local strongly stable manifold is infinite-dimensional in stark 
contrast to the Hamiltonian scenario for which the local center manifold is the largest 
piece. The convergence theorem in ||5l then guarantees that, if the cu-limit set is not a 
single equilibrium point (Q*,0), and if (Q*,0) is stable for the restriction of Sa{t) to the 
local center manifold of (Q*, 0) (for this definition of stability, see ( |3.41| | and Appendix B), 
then this cy-limit set must contain a point on the unstable manifold of (Q*, 0), distinct from 
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(Q*, 0). But this contradicts the fact that, due to the properties of the Lyapunov functional 
fn), the oi-limit set is contained in the set of equilibrium points. 


2. Basic properties 

2.1. Local existence results. Consider the linear equation, with a ^ 0, 

(2.1) dfU + 2adtu — Au + u = G, {u,dtu) ^ ^ = (mq, Wi) e x L^(R'^ 

Since v{t) = e“^u{t) satisfies 

(2.2) vtt - Ai; + (1 - a^)v = e“^G, {v,vt) = {uq,ui + auo). 

We deduce that the solution of ( |2.1| | is given by 

sin(f y/—A + 1 — a^) 


u{t) = e cos(f V— A + 1 — a^) + 


a- 


V-A + 1 - 




Wo 


(2.3) 


_ f sin(f V-A + 1 - a^) 


-Ml 


I 


^ si n((f - s) V-A + 1 - 


= S 


\,a 


y/—A + 1 — Jo y/—A + 1 — 

(f)wo + >S 2 ,a(t)Mi + r S 2 ,a(i ~ s)G(s) ds . 

Jo 


G(s) ds 


Clearly, the regimes 0 ^ a < 1, a = 1, and a > 1 exhibit quite different behaviours. 
The dispersion relation for a < 1 is that of Klem-Gordon (the characteristic variety is a 
hyperboloid), whereas for a = 1 it is that of the wave equation (the characteristic variety 
is a cone). 

If X is a Banach space, then we let L^'^(X) be the space with norm 

ll/ll,.-?(x) = lk^*ll/WllxilLG iSelR 

In this section, the in these weighted estimates has nothing to do with the regularity 
in 


Lemma 2.1. Let 0 ^ a < 1 and assume d ^ 3 for simplicity. Set p = ^ and g = | 
a' = 1 — a. The solution u of 0 satisfies the following Strichartz-type estimates for any 
0 ^ jS ^ a. 


(2.4) ^ II(M0/Mi)||h1xL2 + 

where C(a) is uniform on compact intervals of[0, 1). 


Proof. This follows from l\2.2) and the Keel-Tao endpoint for the Klein-Gordon equation, 
see for example Lemma 2.46 in 1401 . □ 
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Lemma 2.1 does not hold for a ^ 1. Indeed, for a = 1 we would need to replace the 
Strichartz estimates for Klein-Gordon in ( |2.4| | with those for the wave equation. We set 
|3(a) = aif0^a^l and 

|S(a) = a — -\/a^ — \ 

if n > 1. Exploiting the exponential decay in ( |2.3| l we can now state the following space- 
time averaged estimates. 

Lemma 2.2. Let a > 0. In all dimensions d ^ 1 the solution u of ( |2.1| | satisfies the following 
energy bounds with decay 


(2.5) 


supe 

t^o 


tp{a) I 


pOO 

(M,dfM)(f)||HixL2 ^ C(a) ||(mo,mi)||h1xl 2 + e"^*^“^l|G(s)||2ds 

L Jo 


as well as the exponentially weighted Strichartz estimates, in dimensions d ^ 2, and with 0 ^ < 

(2.6) ^ C(a,/i)[||(M0/Ml)llHixL2 + \\G\\.p^p'] 

where\ + ^- = {-l = ^ + l,-2,2^p,p<co,2^q,q,and\ + ^-^^ ^ ^ 

The constant C{a,p) is uniform on compact subsets of 

{ia,p) I a e (0,oo), 0 ^ jS < p{a)} 

Proof. Taking the Fourier transform of (|2.3|l yields 


u{t,^) = ma{t,^)uo{^)+ma{t,^)ui{^) + r ma{t-s,Cje ®^“G(s,.^)ds 

Jo 

The multipliers satisfy the estimates 

\mait,^) \ + \ma{t,^)\ ^ C(a)e"^(“)* 

which proves (|2.5||. For l\2.6) we introduce the Littlewood-Paley decomposition 


1 = P<a + J]Pi= P 


<a + r >g. 


where the Pj are associated to frequencies 2) > a and P<af = f for all Schwartz functions 


with support in {|<^| ^ 1 


2a}. Let l^*(f) he the propagator defined by, cf. (2.3|, 


[K±(f)/](x) = f d^ 

JlR‘> 

where x is the usual Littlewood-Paley bump function supported on an armulus, and 
A > a -I- 1 (and ignoring multiplicative constants). Then the root is smooth, and we may 
apply stationary phase to conclude that 


K^moo 


< 




-at 


< 


e-‘^f- 


d-l 

2 A 


rf+1 

2 


for all t > 0. Proceeding as for the wave equation (see Keel-Tao), and ignoring the 
exponential decay for the frequencies > a, yields the Strichartz estimates (|2.6|l for P^aU 
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with = 0. On the other hand, by the same logic we can also derive Strichartz estimates 
for the transformed equation ( |2.2| | which yields ( |2.6| l with fi = a for the piece P>aU. 
Interpolating between these two cases we obtain Strichartz inequalities for all 0 ^ ^ a 

for those frequencies. Smaller frequencies require smaller Indeed, for the remaining 
piece P<aU we use the energy bound ( |2.5| l and Bernstein's inequality To be precise, the 
energy estimate 


\\P SttW(f) I 


implies via Bernstein's inequality that 


el^^\\P<au{t)\\ci ^ C{a)\e ^^1|(mo,mi)||h1xl 2 + f 
L Jo 


e-it-^m»)-l^)el^^\\P^„G{s)\\a'ds 


Taking n orms on both sides, and applying Young's inequality to the Duhamel integral 
yields ( |2.6| l for all frequencies. □ 


We now turn to the nonlinear equation (KG)a We write u = (u, dtu). 


Theorem 2.3. Let d ^ 6. Let f : M ^ Kbe a odd function, satisfying the assumption (H.2) f 


Then for every data uq in 9L = (]R‘^) x ( resp. in TTrad) equation {KG)a has a unique 

strong solution 

ueX = XT-.= n C\[0,T],L^{R‘^)) 

(resp. in C([0, n C^([0,T],L^^^(R‘^))), where T only depends on ||mo||'W- 

Moreover, if 3 ^ d ^ 6, the solution belongs to 


where 6* = ^ and the estimate \2.23) below holds. 
Furthermore, the following properties hold. 

(1) The solution 


(f. Wo) e [0,T] X ‘7T u{t) = (w(f),dw(f)) e 'H 


is continuous. 

(2) For any 0 ^ z ^ T, the map uq^'H ^ Sa{z)uo = w(t) e 9L is Lipschitz continuous on 
the bounded sets of FT (see \2.25) ). 

(3) The map uoe'H ^ u(t) e X n L®*((0, T),L^®*(R‘^)) is a C^-map. 

(4) Let T* be the maximal time of existence. IfT* < oo, then 

limsup ||w(f)||.^ = +00 

t-,T* 

(5) IfuQ 6 H2(R‘^) X Hi(R^), then 

u 6 C([0,T),h 2(R'^)) n C\[0,T),H\R^)) 
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(6) The energy ( |1.5| ) decreases: 

(2.7) E{u{t 2 )) — =—2a i ||5fM(s)||^2 ds 

Jr 


and, in particular, 

(2.8) E{u{t2))+2aj ||(?fw(s)||^2^ E(w(0)) 

(7) //||m(0)|| « 1, then the solution exists globally, and \\u{t) \\<f{ converges exponentially to 0 
as t ^ CO. 

Proof. We have |/(w)l ~ |mP + |m|®. We begin with dimensions d = 1,2. In that case the 
Sobolev embeddings and (|2.5|l imply, for any f. 


(2.9) 


\\u{t)\ 




< 


< 


ll“(0)ll‘H 

wmi'M 


+ f e ®^(I|m(s )||4 + ||M(s)||®g)ds 
Jo 


+ 6 ^(1 —e ^^) max e^®(||M(s) 

OsSssST ^ 


2 

•W 


||m(s) 


I® ) 


where the implicit constant is of the form C(a) as above. For T small we discard the 
exponential weight whence 


\\m 


•w 


< 


\\u{0)y + T max^{\\uis)\\l^ + \\u{s)\\^) 


This immediately shows that we can set up a contraction in the space X and that T only 
depends on ||m( 0)||.^. Moreover, global existence for small data follows from \2.9) by the 
method of continuity. This also implies the exponential decay. 

We shall establish the persistence of EP- x regularity later in this proof. Taking it for 
granted for now, and using the density of (R^^) x (R'^) in (R^^) x (R‘^), one shows 
that 


( 2 . 10 ) 


E{il{t)) e C\{-f,T)), and = -2a\\dtuit)\\l,. 


Integrating this implies the above identities for the energy. 

We now continue with the dimensions d ^ 3. If 0 then the same energy 

bounds suffice. As usual, larger 6 requires the Strichartz bounds. 

The local wellposedness for small times does not require the exponential weights in the 
Strichartz estiimates and are identical to standard proofs for the wave equation. 

We first recall the main lines of the proof of the local existence and uniqueness of 
the solution. The local existence is proved by using the classical strict contraction fixed 
point theorem with parameters. In the fixed point argument below, we will use the 


2.2 


Let 6* =2*-1 = ^, ip',q') = (2,1) and 


Strichartz inequality ( |2.6| l given in Lemma 
{p,q) = {26*, 6*). We remark that these pairs satisfy the conditions of Lemmaand in 
particular ^ 2 if d ^ 6. 
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Let Kq > 0 be a fixed constant. In what follows, we denote Bf{{0,Ko) the ball of center 
0 and radius Kq in TL. Using the notation of the previous lemma, we set 

(2.11) Mo = Mo{a) = 4(C(a) + C(a,0))fCo = 4Ci(a)fCo 

and T > 0 will be a positive constant, to be determined later. 

We introduce the following space 

Y = Yj = {He L°°((0,to),‘H) with u e {R^)) 

I ll“llL®(Hi)nWi.=o(L 2 )nLe*(L 2 e*) ^-Mo} ■ 

We consider the mapping 

r : (wo,w) e B^{0,Ko) xY^r{uo,u) = e Y, 

defined by 


( 2 . 12 ) 


(2.13) 


{Tl{UQ,^){t) = Si^aii)Uo+S 2 ,a{t)Ul+ f S 2 ,a{t - s)f{u{s)) ds , 

JO 


and T 2 {uo,it) = dtTi{uo,u), where uq = (wo/Wi) and u = {u,dtu) . Fix some uq e 
with IImoII'W < Kq. Consider the map T'{uo,-) : u e Y ^ ^{uorU) e Y and simply write 
T{uQ,u)=ru. 

An application of Lemma [2^ implies 
(2.14) ||^(Mo,0)||y^Ci(a)fCo^^. 


Applying again Lemma 2.2 and using the hypothesis (H.2 )f we get 


WTu- 


(2.15) 


^rz^lY^Ci(a) f ||/(m(s))-/( u(s))||L2ds 

Jo 

f II f f'i'vis) + A{u{s) — v{s))){ii{s) — v{s)) dAWiids 

Jo Jo 

Ci(a)C f 11(1 + |m(s)|®"^ + |z;(s)|®'^)|m(s)- u(s)| 11^2^5 
Jo 

^ Ci(a)C[T||M — i^||loo(£2) + J |||m(s)|®“^|w(s) — u(s)| ||£2 ds 

+ f lll^(s)|®"V(s)-t^(s)| ||L2ds] 

Jo 


^Ci 


< 


where C = C(/). We next estimate the term 


B = 


r |||m(s)|® ^|m(s) — i7(s)| ||£2 ds . 

Jo 


Applying the Holder inequality, we obtain 
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We next write 26 as 26 = 2?] + 2(1 — rj)6* which is equivalent to 

d + 2-6{d-2) 


(2.17) 


n = 


The condition 1 < 0 < 0* implies 0 < i] < 1. Using the above decomposition of 0 in ( 2.16| l 
together with a Holder inequality, we get 


B ^ 


(2.18) 


f 


(a-i)'i 


w(s)||^2® Hs)\\ 

(9-1)'? 


e*(g-i)(i-,?) 

0 

lie* 


||m(s) — ? 7 (s)|| ^ 


g*(i-'?) 


^ I|w(s)||^ooV2)II«(s)-^(s)IIloo(l2) 


f 


I2ll 
9*(9-l)(l-l) 


120* 


ds 




ll“(s)||^ 2 e* ® \\u{s)-v{s)\\^J ds. 


Applying again the Holder inequality to the integral term, we obtain. 


(2.19) 


r 


||m(s)| 


9*(9-l)(l-,?) 

I ® 

1^20* 


Hs)-v{s)\\^J ds^r^ 


Hs) - v{s)\\l*g^ ds 


e 




e* 

120* 


ds 


(0-l)(l-;,) 

0 


The estimates ( 2.18| l and ( 2.19| l together with the Young inequality give 

( 2 . 20 ) B ^ - 11^00(^2) + \\u - v\\^g*^^20*)] • 

We next choose Tq > 0 so that 

(2.21) Ci(a)C[To + | • 

The estimates ( |2.15| l to ( |2.20| | imply that, for 0 < T ^ Tq, 

(2.22) \\rit-r^\Y ^ Ciia)C[T + - v\\y ^ ^\\u-v\\y- 

From the estimates ( |2.14[ ) and ( |2.22[ ), we deduce that ‘F is a strict contraction and thus has 
a unique fixed point u = u{uq) in Y satisfying 


(2.23) 


||w(wo)||y ^ Cl(«)||wo||‘H 


The fact that u{t) = {u{t),dtu{t)) also belongs to C{[0,T],'J-{) is standard and left to the 
reader. Likewise, we leave it to the reader to verify that the map (f, mq) £ [O/J"] ^ 

u{t) e TT is jointly continuous. 

We now turn to property (2). To show that uq elH ^ m(t) = Sa{T)uo e “TT is Lipschitz 
continuous on the bounded sets of F, we choose Wq and Vq in the ball (0, Kq). Let Tq > 0 
be given by \2.2\) and Mq be defined in ( |2.11| ). Arguing as above (see the inequality ( |2.22| |), 
we obtain the following inequality for 0 T^To, 


\\T{uq,u) -T{vo,v)\\yj ^ Ci(a)||Mo - wlk + ^I|w-^|yt / 


(2.24) 
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and thus, the fixed points u{uo) and ^(do) satisfy: 


(2.25) 


||w(wo) -^(d‘o)||Yr ^ 2 Cl (a) II Mo - ^0 Ik • 


If the solutions u{uo) and exist on a time interval [0,T*), where T* > Tq, we repeat 
the above proof by considering now the ball in 'H of center u(uo)(To) and radius fCi > 0 
large enough so that v(vo)iTo) also belongs to this new ball and replacing the non-linearity 
/(.) by /(. -I- m(mo)(To)) — f{u{uo){To)). Repeating this process a finite number of times 
shows that the map is Lipschitz continuous up to any time T < T* and therefore on all of 


[0, T*). The above inequality also implies the uniqueness of the solution of (KG) a 
We next want to show the property (3), namely that the map 

m(mo) e X n 

is a C^-map. To this end, we will first go back to the mapping 

T : {uq,u) e B^{0,Ko) xY ^ T{uo,u) e Y 

which has been defined by ( |2.13| |. And then, for t ^ To, proceed like in the proof of the 
property (2). Clearly the map 'F (mq, u) is differentiable with respect to the variable Mq since 
it is a linear map in uq. The differentiability with respect to the variable m 6 Y is proved 
as follows (we only indicate the main arguments and leave the details to the reader). Let 


h = {h,k) e Y be small. Applying Lemma 
reduces to proving that 


2.2 


one sees that the proof of the differentiability 


(2.26) 


||/(m +k - /(«) - /'(w)^IIl1((0,T),L2) = oHMy) . 


As above, using the hypothesis (H.2) f using the fact that and the classical 


Sobolev embeddings, we may write 
(2.27) 

||/(m + h)- /(m) - /'(m)/ 2 ||li((o,t),l 2 ) = (/'(w(s) 


^ C 


f\\{\his)f 

JO 


Ah{s)) — f'{u{s)))h{s)dA 

+ |/i(s)l'’-')l'i(s)llly* 


L‘((0.T),L^) 




f \\\h{s)f ^\h{s)\yds]. 
Jo 


We remark that the last term in the right-hand side of the inequality (|2.27| can be estimated 
as in the inequalities ( |2.18| ) and ( |2.19| |. We thus deduce from the inequalities ( |2.18| ), \2.19) 
and (|2.27|) that 


(2.28) 


||/(M + k -/(«) -/'kkllLT(o,r),L^) = Om\n . 


where 6 = min(jS,i]) and i] > 0 is defined in ( 2.17| |. We thus have proved the property 
(2.26|l, which implies that F{uq, w) is differentiable with respect to the variable it e Y. The 
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derivative of T'{uo,u) with respect to (wo,i?) is given by D‘F{uq,u) = {D‘Fi,D'F2){uq,u), 
where DTiiuo,^) = dtDT'i{uQ,u) and 


(2.29) 


{pTl{Uo,U){Vo,iP)){t) = Si^a{i)VQ + S2,a{t)Vl + f S2,a{t - s) f {u{s))v{s) ds . 

JO 


We let to the reader to check that this derivative is continuous with respect to (mq, u) . 
Finally, we remark that, with the choice of the time Tq made in ( |2.21 1, the mapping 
!F(mo, .) : u e Yt ^ T{uq,u) e Yr is a uniform contraction on B^{0,Ko). We may thus 
apply the uniform contraction principle as stated for example in IIT 2 I Theorem 2.2 on Page 
25], which implies that uq e ^ u{uq) e Yj is of class C^. 

We now return to the x H^-regularity question, that is, prove the regularity property 
(5). Assuming this regularity for now, taking a derivative of (KG) a yields 

(2.30) dfV + 2adtV — Av + v — f(u)v = 0 

where v stands for any of the derivatives dxjU, 1 ^ j ^ d. The data for ( |2.30| l belong to 'H 
by assumption. We now perform the same estimates as in ( 2.15| |-( Z^ to conclude that 

1 

II^Iy ^ C||(mo,wi)||h2xhi + 

see especially ( |2.20| |, ( |2.22[ ). As above, these estimates require T to be sufficiently small. 
To be precise, the smallness here is determined by u alone through the constant Mq, see 
( 2.20j |. It follows that 

NIy ^ 2C||(mo,mi)||h2xhi 

which is the desired regularity estimate. In order to pass from an a priori bound to 
a regularity statement we follow a standard procedure involving difference quotients: 
letting ej be the coordinate vectors in we define with h > 0 

v^P(x) := h^^(u(x + hefj — u(x)) . 

By the argument leading to the a priori estimate we obtain 

^ 2C||(wo,mi)||h2^hi 

uniformly in Iz > 0. Passing to suitable weak limits, we obtain the x regularity of 
the derivatives of u, as desired. 

Finally, we turn to the case of small data. We will only provide a sketch of the main 
argument. In the hypothesis (H.2)^ we can choose > 0 arbitrarily small. In particular, 
we choose 0 <ig<i. We recall that, for any 1 / e R, 

(2.31) |/(y)| « C(|y|0 + |y|S-i)|y| « C(|y|i+f + lyl®*). 

Proceeding as before, applying Lemma [2^ using the inequality ( |2.31| l, one gets, for f ^ 0, 


L®*'/*((0,f),L2e*) + lk^*^llL«>((0,Z),'W) ^ C[|| (wq. Ml) ||hi xL + 




11 10* II 1 

+ \\W llLi'/*(( 0 ,f),L 2 )J • 
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Applying the Holder inequality, one deduces from the above inequality that, for f ^ 0, 


(2.32) 


^ C[||(M0/Wi)||h1xL2 + \\s^^u\ 


l+^i 

L“((0,f),'W) 


+ A 


0 * 1 


where we used that |S > 0. For small data the method of continuity implies global existence 
and smallness of the norms on the left-hand side. In particular, we have exponential 
convergence to zero in the energy (see also ll^ ). □ 


In Section 3, we will linearize the equation (KG^ around an equilibrium point. More 


generally, we can linearize the Klein-Gordon equation (KG) a along any solution of the 


equation (KG) a This leads us to consider the following affine equation 

(2.33) Wtt+ 2awt — Aw + zv — f{u*{t,x))zv = G, {w,Wt){0) = w{0) = Wq e "H , 


where u*{t,x) e n L®*((0, to),L^®*(]R'^)), tq > 0, and G 6 L^((0, to),T^(]R‘^)). The 
existence (and uniqueness) of a solution w = {w,dtw) e C([0, to),‘7T) is classical if the 
dimension d is equal to 1,2. So we will state this existence result and the corresponding 
Strichartz estimates only in the case where d ^ 3. 


Proposition 2.4. Let d ^ 3anda ^ 0. Assume that u* {t, x) e X^j, ((0 ,to),H^ (IR”)) 
that G e L^((0 ,to),L^(]R‘^)). Then the equation (|2.33f admits a unique solution w = {w,dfw) e 
C([0, to), 9L). Moreover, the solution w of ( |2.33 l satisfies the following bound, for 0 ^ t < tq, 

(2.34) II^IIl®((o,t),'W) + ^ C(a,T)[||a;o||'W + l|G||i^i((o,T)^£2)] , 


where 

1 d d ^ ^ 

- + - = - -1, 2^p <co, q^2, 

q V 2 

\ ^ ^ constant C(a,z) = C{a,z,u*) ^ 1 depends only on a, z and the norm 

of u* in the space n L^*((0, z), (K^^))- 

Ifu*, G and the initial data are radial functions, then w is a radial solution. 


Proof. This proposition can be proved in the same way as Theorem |2.3[ by considering 
the term f'{u*{t,x))w -l- G as a non-linearity. The changes are minor in the fixed point 
argument used in the proof of Theorem |2.3[ Here Y and = {Ti, Tf) = {T'l, dtTi) simply 
become: 


and 


Y^Yt^ {weL^{{0,zo),^) withweL^ {{0,zo),L^‘^ {W))} . 

{Tl{wo,w)){t) = Si,a{t)wo + S 2 ,a{t)^l + f S 2 ,a{t - s){f {u* {s))w{s) + G{s)) ds . 

Jo 


We obtain estimates similar to ( |2.22 |, where now Mq is replaced by the norm of w* in 
Xt: n L®*((0, t),L^®*(R'^)). If the time Tq defined in ( 2.21| | is larger than zq, then we have 
proved the existence (and uniqueness) of the solution w{wo) eYj and the estimates (2.34|| 
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follow from Lemma 2.2 If Tq < tq, we repeat the above proof by taking as initial data 
(zv(wo))(To) and by replacing 

f{u*{t,x))w{t,x) + G{t,x) 
by 

f\u*{t + TQ,x))w{t + Tq,x) + G{t + Tq,x) 

We repeat this argument a finite number of times till we reach the time tq. □ 


2.2. Definition of the functional Kq and the Nehari manifold. We introduce the func¬ 
tional Kq : cp e Ko{<p) e R, defined by 

= f {\V(p\^ + (p^-(pf{(p))dx, 

JR‘> 

and introduce the Nehari manifold 

(2.35) N = {(peHljR^)\Ko{cp)=0}. 

The Nehari manifold arises naturally in the study of elliptic equations. The "Ambrosetti- 
Rabrnowitz" hypothesis (H.l) j: allows to prove the following lemmas, which will be used 
along this paper. The first one is trivial. 

Lemma 2.5. Assume that Hypothesis (H.l) f holds. Then, for any {cp, ip) e (R‘^) x L^(R‘^), zve 
have 


(2.36) ydl^PllHi + ll’/'ll?2) ^ '2.{l + Y)E{{(p,xp)) - Kq{(p) . 


Proof. We simply write 


yi\\(p\ 


Hi 


(2.37) 


Mil) = 2(1 + y)E(((p,i/i)) -Ro((p) - (1 + y) 111/111^2 

+ f {2{1 + y)F{cp)-cp{x)f{(p{x)))dx 
JW 

^2{l + y)E{{<p,ip))-Ko{cp), 


where the integral is nonpositive by (H.l )f 


□ 


Corollary 2.6. Suppose u{t) = (w(f), dtu{t)) is a strong solution of {KG)a defined on the maximal 
interval 0 ^ f < T*. Assume 

inf Ko(u(t)) > —00 . 

Then T* = oo, i.e., the solution is global. 

Proof. By Lemma |2.5} we have for some finite M and all 0 ^ f < T* 

l|w(f)||‘H ^ 2(1 -I- y)E{u{t),dtu{t)) -I- M 
^2{l+y)E{u{0),dtu{0))+M 


where the second line holds by the decrease of the energy. Since finite time blowup means 
that II u(t) \\^ goes to infinity in finite time along some subsequence, we obtain the result. □ 
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The proof of the next lemma uses a convexity argument and follows the lines of the 
proof of ll^ and 1401 Corollary 2.13]. We denote the nonlinear evolution by Sa{t). 

Lemma 2.7. Assume that the hypotheses and {H.2)f hold. Assume that {u{t), dtu{t)) is 

a solution of {KG)a defined on [0, T*) where T* e (0, oo] is maximal. IfKo{u{t)) ^ —6 (where 
5 > 0),for to ^ t < T*, then T* < oo, i.e., the solution blows up infinite time. 

From Lemmas |2.5| and |2.7| we immediately deduce the following result. 

Corollary 2.8. Assume that the initial energy E{uo) is negative. Then the solution blows-up in 
finite time T* < +oo. 

Proof of Lemma [ZT] We assume without loss of generality that to = 0. We also assume 
towards a contradiction that T* = oo. In order to show that Sa{t) (uo, Wi) blows up in finite 
time, we use a convexity argument as in |42l. Assume that Sa{t) (uq, Mi) exists for all f ^ 0 
and let 


1 r 

1/(0 = 2ll“(0ll52+ «J^ \Hs)\\l2ds. 


y(t) = (w(f),w(f)) +a||w(f )||^2 
= (u{t),u(t)) + a||M( 0)||^2 


2a 


(w(s),m(s)) ds 
Jo 


We have 

(2.38) 
and 

(2.39) 

Thus, 

(2.40) y{t) ^ ||M(f )||^2 + 6^6. 

We deduce from ( |2.40| | that limf^+oo y(t) = +oo, and therefore limt_^+oo i/(f) = +oo. 
Next, we note that 


y(t) = ||M(f )||^2 + (w(0/ii(0 +2aM(f)) 

= ||m(0IIl2 + {u{t),{Au -u + f{u)){t)) 
= \Ht)\\l 2 - Ko(u(t)) . 


1/(0 = II“(0IIl2 - J^o(m(0) 


(2.41) 


= (2 + y)||w(0llL2 +y||M(0llHi -2(1 + y)£(0 
- f (2(1+ y)f(w(0) - w(0/(“(0))i^^ 

where we have set for simplicity E(t) = E((u(t),u(t))). But, we have 

E{t) = —2a||M(f)||^2 


E(f)=£(0) + J £(s)ds = E(0)-2a J \\u{s)\\l2ds. 


and 
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Using (H.l )f and the definition of y{t), we can also write, for f ^ 0, 


(2.42) y{t) ^ {2 + y)\\u{t)\\l 2 + y\\u{t)f^i -2{l + y)E{0) +4a(l + y) \\u{s)\\l^ds. 


For the sake of illustration, assume first that a = 0. Since y{t) —>■ oo, we infer from ( 2.42| | 
that for large t 


(2.43) 


y(t) ^ {2 + y)\\ii{t)\\l^ 


Then|i/(f)| ^ ||M(f)||^ 2 ||M(f )||^2 whence 


i/W ^ 


2 + y3/^(f) 

2 yit) 


This implies that ^{y < 0 where 6 = yj2. Since y ^(f) ^ 0 as f ^ oo we must have 

^(y“^)(f) < 0 for some f = fi > 0 whence also ^(i/“^)(f) ^ < 0 for all t ^ fi. 

But then y~^{t 2 ) = 0 for some f 2 > fi which is a contradiction. 

For a > 0, we claim that there exists c > 1 so that for large times 


(2.44) 


y{t)y{t) - cy{tf > 0 


If so, then 


^{y ^^)(f) =-(c-l)y ' ^{t){y{t)y{t)-cf{t)) <{) 

which leads to a contradiction as before. 

It remains to verify ( |2.44| |. Using the Cauchy-Schwarz inequality we obtain 

(2.45) y{t)y{t) ^ (^Ml^ +« \\u{s)\\l 2 dsj 

■ ((2 + y)l|M(f)|li2 +y||M(f)llHi -2(1 + y)£(0) + 4a(l +y)J^ ||M(s)||^ 2 ds) 
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But, for any £ > 0, we estimate the term in brackets as follows: 


u\\i 2 \\u\\i 2 + 2a 


\\u{s)\\l^ ds 


1 . ri 

2 


u{s)\\l^ds] +a||w(0)||22 


^ c(l + £) ( ||m||^ 2 ||m ||£2 + 2a( ||m(s )||^2 ds 



||w(s) 11^2^5 


- \ 2 


+ c( 1 + - )a ||m 


^ c(l + £)(^i||M ||22 + a \\u{s)\\l 2 ds^ (2\\u\\l^ + Aa \\u{s)\\l^ ds^ 


+ c( 1 + - 


L2- 

Setting b = c(l + e), C = ca^{l + ^)||w(0)||^2' replace the right-hand side of this 

inequality by 

^ y{t) ( 2 b\\u \\'^2 + Aba J || m ( s ) ||^2 ds'j + C 

From the last inequality and from ( 2.45| l, we deduce that 

yy{t)-cf{t) ^ y(f)|(2+ y-2&)||M(f)||2, + 4a(l + y-&)J^ W^is^l^ds + y\\u{t)f^, 
-2(l+y)£(0)}-C 


(2.46) 


= y(f)'F(f) - C 


where (f) is defined by the term in braces. 

We now adjust the constants c > 1 and £ > 0 so that 2-i-y — 2&>0,1-l-y — & >0. We 
now pick 7] > 0 so small that 

7] 

2 + y — 2b > -q, y — - — aq > 0 
This allows us to bound 'F(t) from below: 

'F(f) = (2 + y-2l7- + 4a{l + y - b) \\i:i{t)\\l^ds + y\\yu{t)\\l^ 

+ {y-^-^n) IIm(0IIl 2 + w( 0 -2(1 + y)E(o) 

^ wW -2(1 + y)£(o) +7?(f) 
where q{t) ^ 0. From \2.A6) , we infer that, for f ^ 0, 

(2.47) y{i)y{t) - cf{t) ^ y{t)[qy{t) - 2(1 + y)£(0) + q{t)] - C. 

Since y{t), y{t) ^ oo as f ^ oo, we are done. □ 
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2.3. Spectral properties. Suppose we have a stationary solution (po e to {KG)c 

namely, 

-Acpo + cpo- f{(po) = 0 

By elliptic theory, see for exampl e IHI^, these solutions are exponentially decaying, and 
lie in for some > 0. Solving {KG)a for u = q)o + v yields 

(2.48) Vn + 2avt - Av + v- f'{(po)v = N{(po,v) 


where N{(po,v) = /((po + t?) - fi<po) - fiVo)^- Set £ = 
the form 


(2.49) 



—A + I — /'(cpo). Rewrite ( 2.48| l in 


0 

N{(po,v) 


Denoting the matrix operator on the right-hand side by A^, and setting v : = 
write \2A9) in the form 


dtv = AaV + N 


P,we may 


The spectral properties of £ stated in the following lemma are standard, see for exam¬ 
ple ll^ and the references cited here. 


Lemma 2.9. The operator £ is self-adjoint with domain H^(R‘^). The spectrum o{£) consists of 
an essential part [l,oo), which is absolutely continuous, and finitely many eigenvalues of finite 
multiplicity all of which fall into (—oo, 1]. The eigenfunctions are with > 0 and the ones 
associated with eigenvalues below 1 are exponentially decaying. Over the radial functions, all 
eigenvalues are simple. 


Proof. The essential spectrum equals [1, oo) by the Weyl criterion. The Agmon-Kuroda 
theory on asymptotic completeness guarantees that there are no imbedded eigenvalues 
and no singular continuous spectrum. Thus, the spectral measure restricted to [l,oo) is 
purely absolutely continuous. The Birman-Schwinger criterion shows (due to the rapid 
decay of the potential f{(po)) that there are only finitely many eigenvalues of £ which are 
^ 1, counted with multiplicity. The property of the eigenfunctions is standard elliptic 

regularity (Schauder estimates) since (po is smooth, and so f'{(po) is Holder regular. 

For the sake of completeness we remark that the threshold 1 may be an eigenvalue or 
a resonance. To illustrate what this means, consider R^. Then this distinction refers to 
the to fact that solutions to £^ = ^ either decay like \x\~^ (which means e is an 
eigenfunction) or like |v|“\ the latter implying that ip ^ L^(R^) (this is the resonant case). 
We remark that over the radial functions only the resonant case can occur. However, none 
of this finer analysis at energy 1 is relevant for our purposes. 

The exponential decay of the eigenfunctions with eigenvalues below 1 is known as 
Agmon's estimate. The simplicity of the radial eigenfunctions is immediate from the 
reduction to an ODE on (0, oo) with a Dirichlet condition at r = 0. Let us elaborate on the 
kernel of £, since it is important in our construction. We set £v = 0, v ¥= 0 radial and in 
H^. Then 

—Av -{-V — f{(po)v = 0 
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We already notes that v e and that v{r) decays exponentially Set u{r) = r 2 v{r). 

Then m(0) = 0, u{r) ^ 0 as r ^ 00 (exponentially in fact), and it satisfies the equation 

(2.50) _M"(r)+M(r) - (^-^)(^-^)^-/'((Po)m(t) = 0, r>0 

This ODE has a fundamental system consisting of a solution growing like e’' and one 
decaying like e~^ as r ^ 00 . Only the latter can lie in the kernel and it does so if and only 
if it satisfies the boundary condition m( 0) = 0. In this case the kernel has dimension 1 
otherwise it consists only of {0}. □ 

We now analyze the spectral properties of the matrix operator A^. 

Lemma 2.10. • The operator Aa has discrete spectrum if and only if X. does. The essential 

spectrum of Aa lies strictly to the left of the imaginary axis, i.e., in 21 (z) < —5{a) for 
some 5{a) > 0. The spectrum of Aa on the imaginary axis is either empty or {0}. In the 
latter case, 0 is an eigenvalue of Aa and this occurs if and only ifO is an eigenvalue of X- 
Then dim(Ker(X)) = 1, in which case 0 is a simple eigenvalue. The eigenvalues ofAa are 
precisely 



where p e a{X) is an eigenvalue. 

- If a ^ 1, then the discrete spectrum ofAa lies only on the real axis. 

- If 0 < a < 1, in addition to real eigenvalues, there may also be eigenvalues on the line 
2l(z) = —a resulting from eigenvalues of X in the gap (0,1]. 

• The essential spectrum of X gives rise to essential spectrum Oess{Aa) ofAa as follows: 

- If 0 < a ^ 1, Oessi^a) is contained in the line 2l(z) = —a and consists of —a ± ifl, 

^ x/\ — a?-. 

- If a > 1, Oessi^a) consists of the entire line 2l(z) = —a and of the interval 

{—a — — —a + x/a^ — T\ 

Proof. We need to address the solvability of the system 



over the domain x H^^^(]R‘^) of Aa. This means that 

M2 = ZMi 

-Xu\ — 2 au 2 = ZU 2 

which is the same as 

U2 = ZUi 

{X + 2az + z^)ui = 0 

There exists a solution in the domain of Aa if and only if 

laz + z^ e g(—X) 
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Taking A e a(X), this means that 

(2.51) z = —a± \/ oP- — X, A e a(X) • 

This relation establishes all the claims concerning the point spectrum of Let now t 
belong to the resolvent set p{Aa) of Then, for any ( 0 ,^ 2 ) e 9irad> the system 

(2.52) 

has a unique solution (wi, M 2 ) in which implies that 

-XMi — (t^ + 2aT)Mi = V2 

has a unique solution Mi and thus + 2aT = —A does not belong to the spectrum of —X, 
that is, 

T ^ —a + \/oP — X, A e a(X) 

and we are done. □ 


The discrete spectrum of A^ (and therefore of X) is important to our analysis. In fact, 
the strongly unstable manifold of the linear evolution as f —> 00 corresponds exactly 
to spectrum of Aa in the right-half plane which occurs if and only if X exhibits negative 
eigenvalues. In the generality we assume here we cannot determine whether this is the case 
or not, and so our arguments need to be flexible enough to account for both possibilities. 

However, consider the following additional condition, where y is as in (H.l) f for any 

(peH\ 


(2.53) 


f - (1 + 2y)(f){x)f{(p{x))] dx^O 


Let (po A 0 be a stationary solution as before. Then it follows from ( |2.53| ) that 

(-C(Po,(po)= i\V(po\^+ (pI- f{(po)(pl)dx 

Jr‘‘ 

= -2y fi(po)(po dx + [(1 + 2y)f{(po)(po - f{(po)(pl] dx 

JR‘1 jRrf 

^ -27||(po||Jfi < 0 


(2.54) 


where we used that Ko{(po) = 0. Therefore, X has negative eigenvalues. We leave it to 
the reader to check that the class of nonlinearities / given by a sum and difference of 
pure powers as in ( |1.4[ ) satisfy ( |2.53| |. Hence, for such nonlinearities all nonzero stationary 
solutions are linearly unstable. In other words, under the additional condition ( 2.53| l all 
nonzero equilibria give rise to a strongly unstable manifold of . 
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^\/2 

-a-i(l-cr) 

-a 

0 -a+(a^+K)'^ 


rUjUKi. 1. 






3. Proof of Theorem I1.2I 


In this section, we are going to prove Theorem 1.2 To this end, given {(po,(pi) e 'Nrad, 


we will first show that, if Sa{t){(po,(pi) does not blow up in finite time, then there exists 
a sequence of times t,, going to +oo such that Sa{tn){(po,(pi) converges to an equilibrium 
point (Q%0). 

3.1. Conve rgence to an equilibrium (Q*,0) along a subsequence. Denote the evolution 
operator of (KG)a by Sa(t) and for {(po,(pi) e 'J^rad^ let u{t) := Sa{t){(po,(pi). We have the 
following trichotomy for the forward evolution of |(i<CG)a 

(FTB) u{t) blows up in finite positive time. 

(GEB) u{t) exists globally and the trajectory {u{t), f ^ 0} is bounded in 'Hrad, 

(GEU) u{t) exists globally and the trajectory {u{t), f ^ 0} is unbounded in 'Hrad- 

Remark 3.1. Several remarks have to be made at this stage. 

(i): Erom Gorollary |2.8} we know that if E{(po,(pi) < 0, then Sa{t){(po,(pi) blows up 
in finite time. Thus, in the study of the cases (GEB) and (GEU), we only need to 
consider solutions u{t) = Sa{t){(po,(pi) such that, for any f ^ 0, 


(3.1) 


E{u{t),dtu{t)) ^ 0 


(ii): Assume now that a solution u{t) = Sa{t) {<po, (pi) of {KG)a satisfies the properties 


(H.l )f (H.2 )f and ( |3.1| ). Assume moreover, that the exponent 6 in (H.2 )j satisfies 
the bound 


9<1+-. 

a 


(3.2) 
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Then, arguing exactly as in 1^ Lemma 4.2], one can prove that every global 
solution Sa{t){(po,(pi) is bounded in In this proof, the upper bound ( |3.2| ) of 6 
plays a crucial role. 

(iii): Now, let us turn to the case where 1 + We consider a global 

solution {u{t),dtu{t)) = Sa{t){(po,(pi)- In this case, arguing as in Il2^ Page 59] by 
introducing the auxiliary equation satisfied by dtu{t) := {dtu{t), dju{t)), one shows 
that dtu{t) converges to (0,0) in L^(]R‘^) x (R"^). From this convergence property, 
we deduce that Ko{u{t)) converges to 0 as f goes to infinity. 

We first make a simple observation concerning the case (GEU). Later in Section [3^ we 
shall show that (GEU) cannot occur. 

Lemma 3.2. Assume that the hypothesis and (H.2)f hold. In the case (GEU), we may 

assume that there exist a sequence of times t„ and a sequence of numbers bn, bn ^ 0, such that 
t„ +00 asn ^ +00 and that 


(3.3) 


Ko{u{t„)) = bn , with 


lim = 0 

1 ^ + 00 


Proof. If i<Co(M(f)) ^ 0 for all times Tq < t, then the trajectory is bounded by Lemma 2.5 
So there exists a sequence ^ oo with Ko{u{t„)) < 0. If Ko{u{t)) < —b for all times 
To < t < 03, where 6 > 0 is fixed, then by Lemma |2.7| finite time blowup occurs. This 
contradicts (GEU). □ 


Eor the case (GEB) we shall now also construct such a sequence, albeit with bn = 
Ko{u){t„) possibly being positive. 


Proposition 3.3. In the case (GEB) there exists a sequence U ^ oo with Ko{u{tn)) 0 and 
\\dtu{t„) \\i 2 0 as n ^ oo. 


Proof. Taking the inner product in of the equation {KG)c 

yields 


with u and integrating by parts 


(3.4) 



f{u)u) dx + 2a 


J udtu dx 



1 

dt 


I 


dtuu dx. 


Notice that for smooth (or, more precisely, Pp- x H^) initial data, this integration by parts 
is justified. Moreover, for x initial data, we conclude that the map 


i(po,(pi) 6 X 


I 


dtUU dx eR 


is with derivative given by (|3.41l. In the sequel, we shall take (|3.4|| as a definition for 


1 

dt 


J dtuudx. 
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We wish to choose a sequence ^ +oo so that each term on the right-hand side of ( |3.4| |, 

when evaluated at t„, tends to 0 as n —> -i-oo. First, we rewrite ( |3.4[ ) as 

(3.5) 

(iVwP -I- li^ -I- (dtu)^ — f(u)u) dx + 2a iidtudx = 2 (dtu)^dx — — dtuudx. 
jRrf Jr^ jRrf dt J 

We now make the following Claim: 

There exists a sequence t„ -i-oo such that 

|lim„_^+oo \\dtu{t„)\\i2 = 0 
]\im„^+oo2\\dtu{t„)\\l2 - ji\{dtuu){tn,x)dx = 0 . 

Since the energy is nonnegative, we have that for any 0 < T < f, 

rf 


2a 


i|dfM(s) 


ds = E{u{T)) - E{u{T)) ^ fC = E(t7(0)), 


and 




= \{dtu{f),u(f))-(dtu{T),u{T))\ ^K, 


where K > 0 is independent of T, and T. We now distinguish two cases: 

Case 1: If there exists To > 0 such that, for t ^ To, 

2\\dtu{t)\\l^ - ^(dtu(t),u(t)} 

does not change sign (and, for example, is nonnegative), then for any To ^ T < T, 


r 


\dtu{t) 


|2 
I £2 




dt 


i: 


dtu(t )\\^2 + ( 2||dtM(t)||^2 - —(dtu{t),u{t)} ) ] dt s^2K + K 


dt 


This allows us to show that there exists a sequence t„ -i-oo, such that 


(3.6) 


\\Stu{t„)\ 


£2 


2||dtM(f„)||^2 - -J^\(StUitn),u{t„)} 


0 as f„ —> -I-oo. 


Case 2: There exists a sequence of times Zm —>■ +oo such that 

dt 


A{Tm) ■= 2\\dtU{Zm)\\l2 “ -Jl{dtU{Zni),u{Zm)) = 0 . 

To conclude, we need 


Lemma 3.4. There exists a subsequence Znij and qo > 0 such that the function A{t) is uniformly 
continuous on 

I = + qo]- 
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Proof. We write 

(3.7) A{t) = 2E{u{t)) + I [lF{u{t,x)) — f{u)u{t,x)]dx + 2aii{t) 

Jk‘> 

where /r(t) = (u{t),dtu{t)'). Since E{u{t)) is continuous and has a limit as t ^ +oo, E{u{t)) 
is uniformly continuous on [0, +oo). Since Zm +oo, there exist a subsequence (that we 
still denote Zm for ease of notation) and e e such that u{zm) converges weakly to 

e in (]R‘^) as m goes to infinity Thus, using the fact that the injection H^^^(R‘^) ^ LP(R‘^), 
2 < p < 2*, is compact, we deduce that u{zm) converges strongly to e{x) in LP(R^) as Zm 
goes to infinity Furthermore, since t ^ ^ f{u)u{t,x) dx is continuous and 

J [2F{u{zm,x)) - f{u)u{zm,x)] dx ^ j [2F{e{x)) - f{e)e{x)] dx 

as Zm —> + 00 , we obtain the uniform continuity on I of the middle term in ( |3.7[ ). 
Integration by parts shows that 

r 

+ 6) = /r(f) + {{dtu)^ — 2a{udtu) — |Vm|^ — + f{u)u) dxds 

Jt 

Since u{t) = Sa{t){(pQ,<p-i), f ^ 0, is bounded in 'H, we deduce that ^{t) is uniformly 
continuous on [0, +oo). □ 


Now, the construction of a sequence ^ +oo such that ( |3.6| ) holds follows by a standard 
inductive procedure. Indeed, assume that we have constructed a sequence {fi < • • • < tj^j} 
such that 


Vl^n^N, \\dtu{tn)\y^2~\ 

Let £ = Since A{zmj) = 0, according to Lemma 

any t e [t„, . - ?], Zmj + ']] one has 


A{t„)\^2~’\ 

there exists ?] > 0 such that for 


3.4 


\A{t)\ ^ 


Then, since 


f-Tm.+q 

lim \\dtu\\j 2 {s) ds = 0, 

we obtain that for j large enough, there exists Sj e [zmj — r], Tm, + ?]] such that 

||dfM(sy)||L2 

Choosing = sy for j large enough ensures that tjv + 1 < In+i and 
\\dtU{tN+l)\\L2 ^ 2-(~+l), |A(tN+l)| ^ 2-(~+i). 

From the Claim above, and ( |3.5| l, we deduce that 

lim I (Nuf + — f(u)u) (t„,x) dx = 0 

Jr^ 


i.e., lim„^+oo Ko{u{t„)) = 0 as desired. 


□ 
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Next, by means of these vanishing results for Kq, we deduce the convergence to an 
equilibrium along a subsequence. 

Theorem 3.5. Let a > 0 and uq := {(po,(pi) e ^rad so that the solution u{t) exists for all times 
t > 0. Let t„ be a sequence of times such that Ko{u{t„)) = 5„ converges to 0, then there exists an 
equilibrium point u* = (Q*,0) e 9Lrad such that (after possibly extracting a subsequence), u(tn) 
converges to (Q*,0) in "H. 

Proof. From Lemma [23| we conclude that 

sup \\{u{t„),dtu{t„))\\^ < 00 

We recall that without loss of generality, we may assume that 

E(u(t),dtu(t)) ^ 0, Vf ^ 0. 

Since the left-hand side is non-increasing, there exists L ^ 0 such that 
(3.8) 


lim E{u{t), dtu{t)) = £ ^ 0. 

f^+oo 


In fact, from the equality valid for any ti ^ t 2 , 

E{u{ti),dtu{ti)) - E{u{t2),dtu{t2)) = 2 « j| ll^iw(s) ||^2 , 


we deduce that \\dtu{s) ||^2 ds tends to 0, as ti, t 2 


00 . 


(KG) 


We consider the equations 

j SttUn + ladtUn — iKUn + U„ — f(u„) = 0 
1 (u„(0),dtUn(0)) = (u(tn),dtu(tn)) 


By Theorem |2.3} there exists T > OandC > 0 such that, for any n, the solution (M„(f), df «„(!)) 
is in C°([—T, T],‘7L) and, for —T ^ f ^ T, 

(3.9) \\iu„(t),dtu„(t))\\^ ^ C . 


In the case d = 1 or d = 2, the inequality ( |3.9| l implies that ^ C, for any 

2 ^ p < -1-00. In the case 3 ^ d ^ 6, the estimate ( |2.23| ) in Theorem 2.3 implies that 

(3.10) II^«IIl®*((o,t),l20*) ^ C • 

where 9* = By uniqueness, Un(t) = u(t„ + t). For any s, f e [—T, T], 

\Un(t) — U„(s)f dx = dtUn{a)do 

Jr'' Jr^ Js 


dx 


^\t — s 


^ t- 


f f \dtUn(o)\ 

JR‘> Js 

rt+t„ 

f —s| \\dtu(o)\f2do 


dodx 
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whence 

(3.11) ||M„(f) — m„(s )||^2 ^ |1 — s| ||5fM(a)||^2 da 

rtn-\-T 

^ 2T \\dtu{o)\\'^ 2 do —> 0 as n ^+ 00 . 

Jtij—T 

For s,t e [—T, T], and fixed p e (2,2*), interpolation gives the existence of a 6 (0,1) such 
that 

(3.12) \\ll„{t) - w„(s) IILP ^ ||w„(f) - W„(s)||“2H= \\Unit) - u„{s)\\[~‘’ 

<|f —s| 2 I^J ||dfM(a)||^2 



with a uniform constant in n. Fix 2 < po < pi < 2* and set X := LP°(R^) n LPi(R‘^). The 


choice of po,pi depends on the nonlinearity f{u) through the parameters |3 ,9 in (H.2) f 
We consider the family of functions in C'^([—T, T];X). By the property ( |3.9| l. 


u„{t) cz bounded set of H^^^(R‘^). 

nsN, 

te[-T,T] 


Due to the compact embedding of into X, we deduce that 

u„{t) cz compact set of X 

nsN, 

fs[-T,r] 


Moreover, by ( |3.12| |, the family {u„{t))„ is equicontinuous in C'^([—T, T];X). Thus, by the 
theorem of Ascoli, (after possibly extracting a subsequence) the sequence u„{t) converges 
inC°([-T,T];X) to a function M*(f) 6 C°([-T,T];X). 

Moreover, by ( 3.11| l and ( 3.12| |, is constant on the time interval [—T, T]. We shall 
simply write w*(f) = u*. Remark that we deduce from Xo(m, 2 ( 0 )) ^ 0 and the convergence 
of u„{t) towards u* in C‘^([—T, T];X) that 


(3.13) 


lim ||w„(0)||L = r f(u*)u*dx. 

n~.+oo « Jgd 


For this implication we need to choose po,pi close to 2,2*, respectively, depending 
on |(tf.2)/[ 

lb surrimarize, we know that 

• u„{t) u* as n ^ +00 in C°([—T,T];X) and u* := u*{t) 

• dtUn{i) ^ 0 as n ^ +00 in L^((—T, T);L^(]R^)) 

• dtUn{t))„ is uniformly bounded in n in L°°((—T, T);*H) and, in particular in 
L2((-T,T);<?/). 
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Taking these properties into account, one shows that {u„,dtu„) converges in the sense of 
distributions (i.e., D'((—T, T) x R'^)) towards (m*,0) as n —>■ +oo and that (m*, 0) is an 
equilibrium point of (KG)a Since {u„{0), dtU„{0)) is uniformly bounded in TT, with respect 
to n, there exists a subsequence (that we still label by n) such that w„(0) ^ u* as n —> +oo 
weakly in (]R‘^). 

Since w* is an equilibrium point of|(i«CG)a the following equality holds: 


(3.14) 


f f{u*)u*dx= f (|Vm*|2 
Jr'' Jr^ 




dx. 


The equalities ( |3.13| l and ( |3.14| | imply that 
(3.15) lim ||w„(0)||^i = ||m*||L 

M^ + OO ^ ^ 


and thus, since u„{0) ^ w* as n —> +oo weakly in H^(R^), the convergence of u„{0) 
towards u* takes place in the strong sense in (R‘^). Moreover, the strong convergence of 
w„(0) towards u* in L^(R‘^) and the property ( 3.11| l imply the strong convergence of u„ (s) 
towards u* in L^(R‘^), uniformly in s e [—T, T]. In summary. 


Uni-) 


inC°((-T,T),L2(R‘^)). 


To finish the proof of Theorem |3.5| it remains to prove 
(3.16) dtUniO) ^OmL^iR‘^). 


As a first step towards the proof of property ( 3.16| l, we consider the equation satisfied by 
u„ := u„ — u*, namely 


(3.17) 


dttUn - Au„ +Un = f{Un) - f{u*) - ladfin 
< u„iO) = u„iO) — u* ^ 0 as n ^+00 inH^(R‘^) 

dtUniO) = dtUniO) 


We write u„ — u* = iv„ + Vn where Wn and v„ are solutions of the following equations: 


(3.18) 


and 


dttWn - AWn +Wn= f{Un) - f{u*) - luBtUn 
< W„{0) = M,;(0) - u* 

dtWniO) = 0 


(3.19) 


dttVn - AVn +Vn =0 
< VniO) = 0 
dtVniO) = dtUniO). 
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The classical energy estimates for the Klein-Gordon equation imply that, for —T ^ f ^ T, 

T ^ 

^ C ||Mn(0) - M*||^i+2a 


(3.20) 


\\dtu„{s)\\l2ds 


+ J JfiUn){s) - f{u*)yds 


Taking into account Hypothesis (H.2) j one has 

rT 

; ds 


(3.21) 


J ^ll/(Wn)(s) -/(w*)||l2I 

^ C J ^ ||(Wn(s) - W*)(|Wn|^ 


10-1 




)yds 


Here 0 < |S < 0 — 1 can be taken arbitrarily small, which only affects the constant C. 
Actually, we can choose O<|S<0 — Iso that 2 ^ 2^Po/(po-2) ^ pi- Applying the Holder 
inequality, we obtain, 

(m„(s) - U*){\Unf + |m*|^)||l2 ds 


(3.22) 


I 


CT\\Ufi U ||l“°(7,LPo) (IIIIT 11^ 

CT\\u„ - m*||l»(upo)(||w„||^^^^^^i^ + ll“* 11^00(1^^1)) • 


where 2 ^ p 2 ^ Pi < 2* is fixed. Since —> u* in C(J, X), we conclude that the right-hand 

side of (3.22|| vanishes in the limit n —>■ ao. We next estimate the term 


(3.23) J''^||(m,,-m*)|m*|®-1)| 


L2 


ds ^ 2T\\Un — u* 


* 110-1 


IIl'»(L 2)IA llLa>(L”) 


^ C||m„ - u* 




which tends to 0 as n ^ oo. To bound the remaining term in ( 3.21| |, we argue as in the 
proof of Theorem|2.3[ Indeed, from the estimates ( |2.15| l to \2.\9) , we deduce that 


r,' 


(m„(s) — w*(s))|m„(s)|® '^Wi^ds ^(2T)'^C||u „||^^‘;,— ii 


( 6 - 1)1 

II ^ I 


* II 9 




(3.24) 


X + (2t) 


i-/)||,,*l|(i-'?) 0 * 1 

II 




where, by \2.V7) , p = "phe right-hand side of the inequality ( |3.24| | tends to 0 as 

n goes to infinity. 

Finally, in view of ( 3.20| |, ( 3.21| |, ( 3.22| |, ( 3.23| l and ( 3.24 1, we conclude that 
(3.25) \\{w„{t),dtw„{t)\\ ^ 0 as n ^ + 0 O, 
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uniformly in — T ^ f ^ T. 

By construction, Vn = {Un — u*) — Wn and, in particular, dtV„ = dtUn — dtio,,- From ( |3.25| l 
and the properties of ||dfW„||^ 2 (j.L 2 (Rd)), we infer that 

(3.26) il^fJ^nllL2((-r,T);L2(R‘^)) ^ ||L2((-T,r);L2(R‘^)) + '^^^Il^f“^)!|lc0([-T,T];L2(R‘')) 

as n ^ 00 . 

In the final step of the proof we shall turn this averaged vanishing of \\dtV„{t) W^i as 
n —> 00 into vanishing in the uniform sense in t. The main tool for this is the following 
"observation inequality" for equation ( |3.19| |. 

Lemma 3.6. For any Tq > 0, there exists a positive constant c(To) > 0, independent ofn, such 
that 


(3.27) 


^ c(To) J ^ \dtVn\^dxds. 


Proof. For sake of simplicity, we set: 

dtv„{0) = dtu„{0) = v„i. 

If Vn denotes the Fourier transform of v„, we have 

sin (^t + l) 


0n(h‘^) = 


and therefore 


\\dtVnitr 


IIL2 




Vnlif) 


\Vnli^)\^df 


as well as 


(3.28) 


J ^ WdtVnitrfllzdt = J ^ sin (^t + 1^ 


\Vnlif)\^ dfdt 


dt |z;„i(.^)|^d.^ 


>c{To)\l Vni{f)\^df, 
where c(To) > 0, since To > 0. Indeed 

■'T, 


*-1' 


1 - cos (^2t VT^F-Tl) 


-To 


dt 


= To- 


sin (2To^Ip^ 

2vWTi“ 
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One easily sees that, for any Tq > 0, there exists c(To) > 0 such that, for any |^|, 


sin 


(3.29) 


To- 


2To^/\W 


> c(To) 


2VI^I' + 1 

The estimate (3.27|| is then a direct consequence of (3.28|l, (3.29|l and PlanchereTs theorem. 


□ 


From the property ( 3.27| | and the estimate ( |3.26[ ), one deduces that 
(3.30) ||dfM„(0)||^2 ^ c(T) + V^||dfa;„||co([_ 7 ’j].^ 2 (Rd)) 


^0 
as n 


+00 


□ 


and the theorem is proved. 

3.2. Convergence property. Let uq = {(po,(pi) e "Hrad be so that the s olut ion u{t) = 
Sa(f)Mo = {u{t),dtu{t)) exists globally and may be unbounded. Theorem 3.5 asserts that 
there exists a sequence of times t,, +oo such that u{tn) (Q*, 0) strongly in "J-lrad, where 
Q* is an equilibrium of {KG) a We shall now show by contradiction that then necessar¬ 
ily u{t) (Q*,0) str ongly in 'Hyad as f ^ oo and hence the trajectory is bounded. In 
other words. Theorem 3.5 implies that the cu-limit set co{uo) is not empty and contains an 
equilibrium point (Q*, 0) e 'Hyad- We recall that the cu-limit set of uq is defined as 

cu(mo) = {w e 9iyad I 3 a sequence s„ ^ 0, so that s„ +oo , 

and S(x{Sfi)uQ >,;_>_|_oo rc} . 

Below we will show that the cu-limit set cu(mo) reduces to the singleton (Q*, 0), and that the 
entire trajectory converges to this point in the strong sense. And this concludes the proof 
of Theorem [L2] 

Before proving that the entire trajectory u{t) = Sa{t)uo converges to (Q*,0), we will 
emphasize that the cu-limit set cu(mo) is contained in the set of radial equilibrium 
points of |(i«CG)c 


Lemma 3.7. The co-limit set cu(wo) satisfies the property 

(3.31) Cu(Wo) ^ Syad ■ 

Proof. Let Vq = (uo,Ui) 6 cu(mo)- Then, there exists a sequence s„ +oo such that 

Sa(^n)^0 = u{Sn) >+oo ^0- 

On the one hand, we know by ( |3.8| ) that the energy satisfies 

E{U{Sn))^£ = P{{Q*,Q)) 

asn —>■ + 00 , and 

E{lt{Sn)) - E(uo). 

If Vo is not an equilibrium point, then for some time a > 0, 

(3.32) E{Sa{o)vo) ^ £(^o) -6 = £-6 
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E{u{Sn + a)) i 


where 6 > 0. Since 
and 

E{u{s„ + a)) E{Saio)vo), 

we arrive at a contradiction and ( 3.31| l holds. □ 

Remark 3.8. Let us fix a positive time t > 0 and introduce the co-limit set cOt^{uo) of the discrete 
dynamical system defined by the iterates Sa(T)'”, m elN, that is, 

C0x{uo) = {w e 'Hrad \ 3 a sequence k„ ^ 0, so that k„ +oo , 

and Sa(T)^"Mo ^n^+oo w} . 

Obviously, cOt:{uo) ca{uo)- Using the fact that co{uo) is contained in S^ad ‘^nd that the Lipschitz 
property of Sa{t) : Vq e ^ Sa{t)vo £ 'Ll, which is uniform with respect to t e [0, t] (see the 
arguments in Step 1 of Section 4 and especially the estimates ( |4.11| |, \4.12) , and \4.13) ), one can 
show that 


(3.33) 


Cl’t(Wo) = co(mo) 


To prove that the co-limit co{uo) is a singleton and that the entire trajectory converges to 
this point, we will apply a generalization of the classical convergence theorem of Aulbach 
[1], Hale-Massat 1 251 and Hale-Raugel 12^1 , due to Brunovsky and P. Polacik [|5l, which 
uses local invariant manifold theory. For more details on these convergence theorems, 
we refer the reader to Appendix B and especially to Lemma B.3 that we shall apply 
below. The behaviour of Sa{t)uo = u{t) heavily depends on the spectral properties of the 
linearized operator X about Q* and the linearized operator about (Q*,0) (see 

the definitions ( 2.48| l, (2.491 or ( |4.3| l with (p = Q*). Lemma 2.10 describes the spectrum of 
the operator A^. 

Before proving this convergence result, we need to recall some notation given in Sectionj^ 
There we introduce the modified (localized) Klein-Gordon equation ( |4.7| | and show that 
this localized equation defines a globally defined flow Sa{t) on 'Hradf such that, 

(3.34) u{t) = Sa{t){{Q*,0) -h Vo) = (Q%0) -i Sa{t)vo , as long as u{t) e , 

where = B((Q*,0),ri) is th e op en ball of center (Q*,0) and radius ri > 0, with 


ri ^ (8C(a, To)) (see Remark |4^ . In other terms, if we set 

Sa(f)M0 = (Q%0) + S«(t)(Mo - (Q%0)) , 
then Sa{t)uo and S*{t)uo coincide as long as Sa(t)uo e B,.j. 

In Section we define the (global) stable, unstable, center stable, center unstable, and 
center manifolds W'*((Q*,0)) of S*(t) about (Q*,0), where i = s,u,cs,cu,c respectively. 
Since Sa{t)uo and S*{t)uo coincide as long as Sa{t)uo £ B^j, we may define the local stable, 
unstable, center stable, center unstable, and center manifolds W|^^((Q*,0)) of Sa{t) about 
((Q*/0)) ss follows: 


(3.35) 


Wi„^((Q%0)) = W'*((Q%0)) n B,^ , i = s,u,cs,cu,c . 



















34 


N. BURQ, G. RAUGEL, W. SCHLAG 


We begin our proof with the particular case where (Q*,0) is the (hyperbolic) trivial 
equilibrium (0,0) of |(i«CG)ft We remark that in that case X = — A + J and the entire 
spectrum of Aa lies in a half-plane of the form )Rz < —6 < 0. In the terminology of 
Section 1^ and of Appendix A, this means that the local stable manifold W“^((0,0)) is a 
whole neighborhood of (0,0) and that then necessarily (0,0) is an isolated equilibrium, 
and the perturbative equation ( |2.48| l around (0,0) exhibits exponential decay of solutions 
in 'Nrad for sma ll data. Actually, this exponential decay to zero had already been proved 
in Theorem |2.3[ In particular, u(t) (0,0) in that case as f —> oo. 


Let us come back to the general case. If Q* A 0, then Lemma 2.10 states that Aa 
has either a trivial kernel, or a one-dimensional kernel. The former case means that the 
dynamics near (Q*,0) is hyperbolic, whereas in the latter case it is not. In the hyperbolic 
scenario, we have no central part, which means that the invariant manifolds constructed in 
Sectionlrland in Appendix A only involve stable and unstable manifolds 0)) and 

hV/" ((Q /O)). In both cases, the (local) unstable manifold W," (Q*,0) is finite-dimensional 


since X has only finitely many eigenvalues (and thus only finitely many eigenvalues with 
positive real part). 


In the non-hyperbolic case, the kernel of is one-dimensional, the local center manifold 
W|^^^((Q*,0)) is a C^-curve containing (Q*,0). We notice that we can also choose ri > 0 
small enough so that 1^)|,^((Q*/ 0)) = W'^* ((Q*, 0)) n is a cormected curve. Moreover, as 
remarked above, the (local) unstable manifold W"^ (Q*, 0) is finite-dimensional. In order to 
prove the convergence to (Q*, 0), we would like to directly apply the classical convergence 
theorem of O or ||^], which is the case (1) of Theorem |B.4[ However, we do not know that 
the trajectory u{t) is bounded and thus we also cannot ascertain that the cy-limit set cu(t7o) 
is connected. So we will apply the more general convergence Theorem |B.2| of Brunovsky 
and Polacik, and more precisely their local Lemma [B.3} which are recalled in Appendix B. 
To this end, we need to show that (Q*,0) is stable for Sa{t) restricted to the local center 
manifold (see the definition ( |3.41| | below). In order to prove this stability, we shall use 
the same arguments as Brunovsky and Polacik in the proof of Lemma |B.3[ Like them, we 
will make use of the attraction of the center unstable manifold with asymptotic phase of 
Section 1^ (see also Appendix A). Notice that the hyperbolic case can be considered as a 
special case, where the local center unstable (respectively, center) manifold reduces to the 
local unstable manifold (respectively, to (Q*,0)). In the non-hyperbolic case, the center 
manifold is present and the d}mamics is more delicate to analyze. 

We proceed by contradiction and assume that u{t) (Q*,0). Since u{t) does not 
converge to (Q*,0), there exists fio > 0, fio < j with the following property: for any 
0 < ^ |So/ if w(fo) £ there exists a first time tq > 0 such that w(fo -I- t) e 

for 0 ^ T < To, and u{to + tq) ^ B^. In other words, u{to + tq) belongs to the sphere 

s((Q%o),ig). 
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We first fix > 0, ^ |So- By Theorem |3.5} there exists n(|3) such that, for n ^ n{^), 

u{t„) e B^. Moreover, there exists a first time t„(|S) > 0 such that 

Uitn + t) 6 Bfi for 0 ^ T < 

/Q 'X^\ '' ' r ' 

u{t„ + T)^Bp forT = T„(|g). 

Since u{tn) (Q*,0) as n —> +oo, we remark that t„(|S) ^ +oo as n ^ +oo. We now 
invoke the asym ptoti c phase property of the center-unstable manifold, see ( |A.9| ) (or also 
( |4.29| l in Theorem 4.1 1 . Thus, there exists := e W™(Q*,0) such that, for f ^ 0, 

(3.37) \\Sl{t)lt{tn) - Sli^ny ^ Cop^oHtn) - 
where 0 < po < 1. And, by continuity of the map ^(•), 

asn^+cc. 

In particular, ( |3.37| | implies that 

(3.38) \\SaiT„{^))u{tn) - ^ 0 asn^+cc. 

Since W™*((Q*,0)) is finite-dimensional and by ( |3.38| l, is bounded, the se¬ 
quence n e Pi, contains a convergent subsequence. We conclude that up to 

passing to a subsequence one has 

u(t„ + z„{^)) = Sa{z„{^))u{t„) {uo,ui) e asn ^ -hoo. 

By the invariance property of W™* ((Q*, 0)) and by ( |3.38| l, 

(3.39) (t7o,ili)e W-((Q%0)). 

We remark that, by ( |3.31| l and ( |3.36| l, 

(3.40) 

(%wi) is an equilibrium point (Q,0) = (Q(|g),0) and ||(Q(|g),0) - (Q*,0)||.^ = jS. 

If (Q*, 0) is an isolated equilibrium point, then ( |3.40| | with ^ y l^^ds to a contradiction. 
We remark that, in the hyperbolic case, (Q*, 0) is necessarily an isolated equilibrium which 
ends the proof in this case. 

Let us now focus on the case where (Q*, 0) is not isolated. Before completing the proof 
in this case, we recall a definition of Brunovsky and Polacik, see Appendix B. We say that 
(Q*,0) is stable for Sa(f)|w,‘;^^((Q*,o)) if/ Ve > 0, 30 > 0 such that, for any vq e W)'^^((Q*,0)), 

llw-(Q%o)||^^0 

implies that, for f ^ 0, 

(3.41) ||Sa(f)uo-(Q%0)||^^e. 

We now complete our proof. By construction and ( |3.39| l, the element (Q(|S),0) belongs 
to W™((Q*,0)). Since (Q(/1),0) is an equilibrium point, it necessarily belongs to the 
local center manifold W|^^^((Q*,0)) (see Sectionj^and Appendix A for more explanations). 
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which, as we saw earlier, is a one-dimensional embedded manifold passing through 

(Q%0). 

Since ( |3.40| | holds for any small > 0, we see that this curve segment contains equilibria 
in the omega-limit set a){uo) which are arbitrarily close to, but distinct from, (Q*,0). In 
fact, we can say even more than that. First, we place an order on the curve ((Q*, 0)) if 
ri > 0 is small enough. We adopt the notation u” < (Q*,0) < if v~ (respectively is 
to the "left" ( resp. "right") of (Q*,0) on the curve segment W);j((Q*,0)). By intersecting 
the tangent line to this curve at (Q*, 0) with the spheres of radius fi for all small fi, we see 
that there are two possibilities: 


(1) Either there exist two families of equilibria (Qm/0) and {Qm,0) with (Q^/O) 


< 


(3.42) 


(Q*,0) < (Q+,0) such that 

(Qm/ 0) ^ (Q% 0) as m ^ -too. 

A simple dynamical argument based on ( |3.42| | implies that 5^(1) | 


WL((Q*,0)) 


is in fact 


stable. We can now directly apply Lemma B.3 of Brunovsky and Polacik to the 
time 1 map 5^(1), which implies that the cy-limit set cui(mo) and thus the cy-limit 
set co{uo) contain an element of W“^((Q*,0))\(Q*,0). This contradicts the fact that 
a){uo) e £>e- Instead of directly applying Lemma [ b!^ to the map Sa(l), we can also 
argue for the flow Sa{t) as at the end of the proof of 0 Lemma 1] of Brunovsky 
and Polacik and directly show that (Q(|S),0) e W“^((Q*,0))\(Q*,0), where Q(|S) is 
as in ( 3.40| |. But this contradicts the fact that (Q(|S),0) is an equilibrium and so we 
again obtain the desired convergence. 

(2) Or there exists jSi > 0 such that there is no equilibrium point from the family 
(Q(|S),0) on the "left" (say) of (Q*,0) in W5^^^((Q*,0)) n B 2 ^ 2 - then, the above 
arguments (and in particular the properties ( 3.40| |) imply that, for every 0 ^ ^ |S 2 , 

there exists an equilibrium (Q+ (|S), 0) in a){uo) satisfying the properties ( |3.40| ). This 
implies that on the right of (Q*, 0), W|)^^((Q*, 0)) consists only of equilibria and that 
the (U-limit set (o{uo) contains a curve C of equilibria with end point (Q*, 0) (as for 
an interval). We then choose an equilibrium (Q^ (i^)/ 0) in the interior of C and close 
to (Q*,0). We repeat the above proof with (Q*,0) replaced by (Q+(|S),0). And we 
again obtain the same contradiction as in Case (1). 

Remark 3.9. In the particular case of a wave type or reaction-diffusion equation, the proof 
of the Lojasiewicz-Simon inequality (see Sections 3.2 and 3.3 in the monograph of L. Simon 
[45l and also 1281 Theorem 2.1]) shows that, when the kernel of X is one-dimensional, the 
set of equilibria of {KG)a passing through (Q*,0) is a C^-curve. We could have used this 


property in the proof above to avoid the last arguments and apply Theorem B.2 However, 
in view of possible extensions, we chose not to use this property. 

4. Invariant manifold theory for the Klein-Gordon equation 

In Section [3l^ in order to prove the convergence of any global solution (in positive time) 
towards an equilibrium point (cpo, 0) of {KG)a we used the properties of the local unstable. 
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local center unstable and local center manifolds WJ^^(((po/0)), i = u,cu,c about {(po,0) for 
the flow Sa{t). There, we defined these local manifolds as the intersections of the global 
manifolds W'*(((po/0)), i = u,cii,c about {(po,0) for the global flow S*{t), with the ball of 
center {cpo, 0) and radius ri > 0, where ri > 0 is small enough. We recall that the global 
flow S*{t) was defined by 

S*(f)Mo = (<PO/ 0 ) + Sa{t){Uo - {<po,0)) , 

where Sa{t) is the global flow defined by the localized Klein-Gordon equation ( |4.7| | below. 
In this section, we construct the global invariant manifolds W'((0,0)), i = u,cu,c, for the 
global flow Sa{t) and obtain the attraction property of W'^''((0,0)) by applying the general 
invariant manifold theory recalled in Appendix A. 


Let {(po, 0) 6 'Hrad be an equilibrium point of {KG)a that is, <po is a radial solution of the 
elliptic equation 

(4.1) - Acpo + cpo - f{(po) = 0 . 


Solving the equation {KG)a in the neighborhood of (cpo, 0) leads one to solve the equation 

(4.2) vtt + 2avt + £v- go{v) = 0 , (u, Vt) (0) = u(0) e 9irad ■ 

where 

£ = -A + I-f{(po), 

go{v) = fin + v)- f{(po) - f{(po)v ■ 

The equation ( |4.2| | can be written in matrix form as follows 

■’'(r,) ■ (-X -2«) (r,)+C„w)" + (g«li 

We denote by £«(!) = the linear group generated by Aa and Sa{t) the local flow 
defined by the equation ( |4.2| |. We notice that 

(4.5) Sa{t)uo = Sa{t){{cpo,0) + Pq) = {<Po,0) + Sa{t)vo , where Vq = wq - {(po,0) . 


(4.3) 


2.10 


the radius p{oess{^a{'^))) of the essential spectrum 


When a > 0, according to Lemma 
of La(T) satisfies: 

P(Gess(£a(T))) ^ 6{a,T) < 1 

The operator Aa can have a finite number of negative eigenvalues pj (a) < 0 (resp. a finite 
number of positive eigenvalues pj{(x) > 0), in which case, Aj{T,a) = exp(/r7(a)T) < 1 
(resp. A^(T,a) = exp(p^(a)T) > 1). 

In addition, if 1 is an eigenvalue of La{'^o)Ao > 0/ h is a simple eigenvalue (and is a 
simple eigenvalue of £a(T) for any t > 0). Since this case plays an important role in the 
proof of Section 3.2 we assume that 1 is an eigenvalue of £a(To),To > 0. In this case, we 


will construct a local center unstable manifold W™ ((0,0)) of the equilibrium (0,0) of Sa{t), 
a foliation of a neighborhood of (0,0) in 'Hrad over W™((0,0)) as well as a local center 
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manifold 0)) by applying Theorems A.2 

enough (tq will be made more precise later). 


and 


A.5 


to Sa{t). We choose tq > 0 small 


And we set 


h — £fl;(To) . 


The spectrum a(L) can be decomposed as in Hypothesis (HA.5.1) and one can define 
constants C\ ^ 1, C 2 ^ 1, ?] > 0 and £ > 0 satisfying the estimates ( |A.20| ), \A.21) , \A.22) . 
Unfortunately, Sa{t) is only a local flow and thus Sa(Ti) will not satisfy the hypothesis 
(HA.3). Moreover, we need to show that the Lipschitz-constant Lip(R) can be chosen as 
small as needed, which is not true for Sa{t). Therefore, we need to make a localization in 
the following way, for instance. Let ro > 0 be a small constant, which will be made more 
precise later. We introduce a smooth cut-off function : R ^ [0,1] such that 


(4.6) 


X{s) 


1 if |s| ^ 1, 
0 if |s| ^ 2 . 


And, we consider the modified Klein-Gordon equation, 

(4.7) Vtt + 2avt +£v-goiv)x{—^) =0 , viQ) = Vq e ^Hrad , 

where 0 < r ^ ro is fixed. To simplify the notation, we set 

II ^|2 

= goip)x{—^). 

We first show that, for any vq e “K, the equation ( |4.7| | admits a unique solution v{t) = 
Sa(f)f?o £ C°([0,-l-oo),‘7T) (we leave to the reader to show that Sait)vQ also belongs to 
C°((—oo,0],‘7T)). To this end, it is sufficient to show that, for any vq e TT, the solution 
v{t) = Sa(t)vo of ( |4.7| | exists on the time interval [0, tq] and remains bounded there. 

We will do that in two steps. We will give the proof only in the case where d ^ 3, the case 
d ^ 2 being easier. We first recall that the solution v{t) of ( |4.7| | is given by the Duhamel 
formula, 

c* ~ ll^(s)l|L 

(4.8) v{t) = La{t)vo + \ tait-s){0,go{v{s))x{ - Y^))*ds, 

Jo ^ 

and also remark that, as long as z7(s) ^ \f2r), the term h{v{s)) vanishes. 

Step 1: Let Vq e'H so that Hf^ollw ^ with (8C(a, tq)) ^ ^ m 2 for example. We set: 
Mo = Mo{mr) = AC{a,TQ)mr, where C(a,To) ^ 1 is the constant given in Proposition |2.4[ 
To show the local existence of the solution v{t) on the time interval [0, tq], we argue as in 
the proof of Theorem |2.3| and introduce the space 

y = {ve L°°((0,To),‘7f) withi; e 

I ll^llL”(HqnWi'“(L2)nL®*(L2S*) ^ Mo(mr)} . 
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Like there we introduce the mapping ‘F \ Y defined by 

{Tip){t) =ta{t)VQ+ r tait -s){Q,h{v{s))yds . 
Jo 

The application of Proposition |2^ implies 


(4.9) 


||!r(0)||Y ^ C{a,TQ)mr ^ 


Mo{mr) 


We next show that is a strict contraction from Y into Y. Due to the hypothesis (H.2) 
we may write, for vi, V 2 in 

(4.10) 

l(go(t^l) -go(t^ 2 ))(^)| = \f{(po{x) +Vi{x)) - f{cpo{x) +V2{x)) - f{(po{x)){Vi{x) -V2{x))\ 

= I ifivo + V2 + o{vi - V2)) - f{(po)){vi - V2)do\ 

Jo 


< 


C|(|r7i|^ + |z;2|^ + ^ + 1^721® ^){vi-V2)\, 


where 0 < |S < min(0 — 1, ^) and C = C(/, cpo) is a constant depending only on / and on 
<po. For Vi eY,i = 1,2, Proposition |2.4| and the inequality ( |4.10| | imply, 

J 'To 

\\h{vi{s)) - h{v 2 {s))\\L 2 ds 
0 

rTo 

^C(a,To) ||(^o(t^i)-^ o(z^2))t( 

JO 


II2 II II2 


V2\ 




(411) ^ ll(l^l(s)|^ + |z^ 2 (s)|^)|l’l(s) -l^ 2 (s)| liLZtis 

pro 

+ ll(l^'i(s)|®"^ + |i^2(s)|®-^)|r^i(s) - r;2(s)| yds 

JO 

'^0 II 11 ^ II 11 ^ 

+ ll(l^'i(s)|^+^ + \Ms)f )y\{x{^^) 

= Bi + B2 + P3 • 


Arguing as in the proof of Theorem 2.3 by using the Sobolev embeddings, the Holder 
inequality and the fact that 0 < |S < we obtain the following inequality for Bi: 

(4.12) 

r'^o 

Bi ^ C(a,To)cJ^ (bill^i + Ilw||^i)bi -V2\yds ^ 2C(a,To)ToCMo(r?M)^||z7i - i’2||l«>(hi) 
The bound of the term B 2 is obtained as in the proof of Theorem |2.3| (see (2.201): 

(4.13) B 2 ^ 2C(a, To)C^TQMo(r?n)“s-(®*i^“'^^''‘'^^[j|?7i — £>211 + ||r7x — 1^2 II £0* (£20*^] . 
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where t] > 0 is given in the formula { 2.17) . It remains to bound the term B 3 . We first 
remark that, since x' ( 

(4.14) 


II II2 




^2 


■N 


r^) vanishes if \\w\\f{ ^ Vlr, we may write 

|l >2 + a(Bl - !( 2 )I| 5 , B 2 + - S 2 ) 


))|S fu-'l 

Jo 


-)(- 


,{vi -V 2 ))<H\dC' 




V2, 


\\Vi - V 2 \\<}{ 


The estimate (|4.14|), together with the estimates (|4.12|) and (|4.131l with V 2 = 0, imply that 
(4.15) 

Bo, ^ 4'\/2mC^C(a,To)^[ToMo(rm)^ + 2C(a,To)TgMo(rm)“s“(®*^^“'^^''‘'^^]||ui — V2\\l^{<h) ■ 
Choosing ro > 0 small enough so that 

fC(ro,To) =2C(a,To)ToCMo(2ro)^ + 4C(a,To)C2T2Mo(2ro)^(®'(i-’?)+'j) 


(4.16) 


+8 V2C^C(a,To)^[ToMo(2ro)^ + 2C(a,To)T!jMo(2ro) e ^ 7 / 


we deduce from the inequalities (|4.11|| to (|4.16|l that 


(4.17) 

which implies with 

(4.18) 


WTvi - Tv2\\y ^ |||^i - wIIy 2 


, that, for any Vi e Y, 


II 1 


< 


Mo{mr) 


Therefore, !F is a strict contraction and admits a unique fixed point u(po) in Y. The 
uniqueness of the solution v of the equation ( |4.7| | on the time interval [0, tq] is proved as 
in the proof of Theorem |2.3[ 

Let next Uq,// ^ = 1/2, be so that ||do,!||'W ^ and let Vi, i = 1,2, be the corresponding 
solutions of the equation ( |4.7|) o n the time interval [0, tq]; by the above proof, they belong 
to Y. Applying Proposition|2.4|and repeating the above proof, we show that 


(4.19) 


II^T -wIIy ^ :^C{a,To)\\vo,i -Uo,2||y 


As in the proof of Theorem 2.3 one also shows that Vq e B,j-i{Q,mr) i—> v{vq) e Y is a 
-function. 

In the remaining part of the proof, we set m = 2. 

Step 2 : We begin by showing that for every do e TT, v{t) = Sa{t)vo exists on [0, -l-oo). 
Let first vq e'H satisfying ||uo||‘H ^ 2r, then, by Step 1, v{t) stays in the ball B<j-({0,Mo(2r)) 
for 0 ^ f ^ Tq. Let next do e “TL be such that ||do||.;^ ^ 2r and let v{t) = Sa(t)vo be the 
mild local solution of ( |4.7| |. By continuity of this solution, there exists a time fi > 0 so that 
v(t) ^ B<j-({0, \f2r), for 0 ^ f ^ fi. We have, for 0 ^ f ^ fi, 

(4.20) ^(f) = £«(f)^o / 
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and, in particular, for 0 ^ f ^ inf(fi, tq). 


(4.21) 


11^(0 ll'H + ll^llL®*((O,f),L 20 *) ^ C(a, To) ||t>o||'W 


If at a time ti, v{ti) enters into the ball B^{0,2r), then, according to Step 1, for fi ^ f ^ 
h + To, vit) still exists, stays in the ball B>]-({0,Mo{2r)) and satisfies the estimates given 
in Step 1. We thus have proved that, for every e f^(f) exists on the time interval 
[0,To]. Consequently, for every ^o e Sa(f)do exists on [0,+oo). L ikew ise, one shows 
that Sa{t)vo exists on (—oo,0]). Arguing as in the proof of Theorem 2.3 one shows the 
continuity properties of Sa{t)vo with respect to {t,vo) and the fact that, for any f e M, 
VqbI-I ^ Sa(t)vo e "H is a C^-map. 

We are now able to prove that Sa(t) satisfies the assumptions (HA.3), {HA.5.2), and 
{HA.5.3). We first prove the last part of assumption (HA.3). Sa{t) is Lipschitz continuous, 
with a Lipschitz constant which is uniform in 0 ^ f ^ tq. The idea is that it is true if ^o,i 
and Vo ,2 belong to B<j^(0,2r) by ( |4.19| |. If Vo ,2 e B<f^{0,2r) and ^ B'w(0,2r), we estimate 
the difference up to the first time fi ^ tq when f?i(f) enters the ball B>]-({0,2r), and then 
apply the estimate proved in the first case up to time tq. Finally, if both initial data are 
outside B^{0,2r), we apply the linear estimates up to the first time when one solution 
enters B^{0,2r) and then the estimate of the second case. As a consequence, to conclude, 
it remains to show that, if \vo,\\<}{ ^ 2r and \\vo ,2 H'W ^ 2 r so that \\v 2 it) \\<]-( ^ 2r for any f ^ 0 , 
then vi — V 2 satisfies the estimate ( |4.19| |. Using Proposition 2.4 the inequalities ( |4.10| |, 
( |4.11| |, and ( 4.15| l, we obtain, for 0 ^ f ^ tq. 


Fi — WIIy 
< 


(4.22) 


< 


rro 

C(a,To)[||db,i - ^o,2\\<H + \\HMs))ds] 

Jo 

r° 11^1 IlL- llwllL 

C{a,To)[\VQ,i-Vo,2\\‘H+ ilgo(i^i)U(—^)- t(— :^))\\Lids\ 

Jo H H 


^ C(a, To) 11^0,1 — ^ 0 , 2 ||‘H + ^3 / 


where B 3 had already been defined and used in (4.11 1 . As before, the inequality ( |4.14| | 
holds. Therefore, we deduce from the estimates ( 4.22| |, ( 4.15| l and the condition ( |4.16| l that, 
for 0 ^ f ^ To, 


(4.23) 


11^1 - wIIy ^ C(a,To) 11 ^ 0,1 - vo,2\\<H + ^11^1 - wIIy • 


And thus the inequality ( |4.19| l holds. From all the above results, one infers that Sa{t) is 
Lipschitz continuous and that 


(4.24) 


sup Lip {Sa{t)) = D 


16 , 

= D ^ —C^(a,To) . 




Likewise, one shows that this estimate also holds for —tq, ^ f ^ 0. Thus, Hypothesis 
(HA.3) is satisfied. 
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We next show that the hypotheses {HA.5.2) and {HA.5.3) hold. To this end, we set 

S«(to) = taizo) + R(to) = L(to) + R(to) 

Sa(-To) = LttC-To) + R(to) = h(To)"^ + R(to) • 

Let and v{t) = Sa{t)vo} then, R(to) writes 


(4.25) 


(4.26) 


i 


R(to) = Za{t - s){0,h{v{s))Yds . 


To prove that the conditions ( A.23| l, ( A.24| |, and ( A.29| l hold, we will show that Lip(R(To)) 
and Lip(R(To)) go to zero as vq goes to zero (we will only show it for R(to), since the proof 
is similar for R(to)). To show this property, we are going back to the three cases considered 
above. If Vq^i and Vq; 2 . belong to B<f{{Q,2r), then the estimates ( |4.11| | to ( |4.19| ) imply that 


(4.27) 


||R(to)w,i -R(to)w, 2 ||y ^ -K{ro,To)C{a,To)\\vo,i - W,2|k • 


The estimate ( |4.22| ) shows that the same property ( |4.27| ) holds if i^o,i belongs to (0, 2r) and 
Vo ,2 is so that \\v 2 {t) \\<f{ ^ 2r for any 0 ^ f ^ tq. Finally, we remark that if Vi{t) ^ B<j-((0,2r), 
i = 1,2, for 0 ^ f ^ To, then R(to)w,i — R(to)w ,2 = 0. Combining all the above cases and 
using the estimate (4.241, we finally obtain that, in every case. 


(4.28) 


16 

||R(to)w,i -R(to)w, 2 ||y ^ yR(ro,To)C^(a,To)||W,l - W, 2 |k 


Since R(ro, tq) goes to zero as tq goes to zero, Lip(R(To)) goes to zero as yq goes to zero 
and the condition ( A.23| l is satisfied provided yq is chosen small enough. Likewise the 
conditions ( A.24| | and ( |A.2^ hold, provided Yq is chosen small enough. From now on, we 
fix To > 0 small enough so that these conditions are satisfied and we choose r = tq in (|4.7||. 


We have seen that, for ro > 0 small enough, Sa{t) satisfies the hypotheses of Theorems 
|A.2| and |A.5[ We can thus state the following result concerning the invariant manifolds of 
Sa{t). For the notations and definitions of the different invariant manifolds, we refer the 
reader to Appendix A below. 

As in the assumption (HA.5.1), we denote by Pi the spectral (continuous) projection 
associated to the spectral set a' and let 'Hrad,! be the image 'Hrad,i = Pi'J'^rad, where i = 
cu, cs, u, s, c. 


Theorem 4.1. Let a > 0 be fixed. 

1) TheYe exists a globally Lvpschitz contmuous Ytiap gcu ■ 'P(rad,cu ‘Pimd,s so that the center 
UYistable YtiaYiifold W™((0,0)) ofSa{t) at (0,0) 


W™((0,0)) = {Vcu + gcuiVcu) I Vcu e 9Lrad,cu} 


satisfies all the pYopeYties giveYi m TheoYeYYi A.l 
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2) There exists a globally Lipschitz continuous map gu : 'Hrad,u so that the 

(strongly) unstable manifold W“((0,0)) ofSa{t) at (0,0) 

W“((0,0)) = {Vu + guiVu) I Vu e 9(rad,u} 
satisfies all the properties described in the statement (2) ofTheorem \A.5\ 

3) Moreover, there exists a continuous mapping t : "Hyad x 'T^md,s 'T^rad,cu> such that, for any 

V 6 ‘Hradr Ihe manifold Ai^ = (v + i{v,Vs) \ £ ‘Hrad.s] satisfies all the properties in Theorem 

4) In particular, there exist c > 1, 0 < po < 1, and, for any vq e "Hradf ^ unique element 
^(vo) £ W™((0,0)) such that, for t ^ 0, 

(4.29) \\Sa{t)vo - Sa{t)i{vo)y ^ cplWvo - i{vo)y ■ 

Moreover, the map vq e ’Hrad ^ “^(^o) £ W™((0,0)) is continuous. 

5) There exists a globally Lipschitz continuous map gc : T-irad,c 'T^rad.s © '^rad.u 
gc{0) = 0, so that the center manifold W‘^(0) ofSa{t) at (0,0) 

W^((0,0)) = {Xc+gc{xc)\xc e ^rad,c} = W™((0,0)) n W“((0,0)) 
satisfies all the properties given in statement (4) of Theorem \A.5\ 

Let us go back to the "actual" variable il = v + (<po, 0)^ We set 

S*a{t)Uo = {(p0,0y + Sa{t){uo - ((po,0)) . 

Then the invariant manifolds of S*{t) are defined by 

(4.30) W'*(((po,0)) = ((po,Oy + W'((0,0)) ,i = cu,c,u,s . 


A. 2 


In particular, [MA ^ e W™((0,0))} is a foliation ofTHrad over W™((0,0)). 


Remark 4.2. We emphasize that the proof given in Step 1 above shows that if, for example, r = tq, 
m = (8C(a, To))~^, and \\uo\\<j-( ^ mro, then, for 0 ^ f ^ tq, 

||S«(f)t7oltY ^ ro/2, 

which implies that, for 0 ^ t ^ tq, Sa(t)uo = Sa(t)uo- In other terms, if Uq belongs to the ball 
B<j-(y{(po,0),rA of center ((po,0) and radius ri ^ ( 8 C(a, To))~^ro, then S*(f)Mo = Sa(t)uo. This 
allows one to define the local invariant manifolds Wy{q)o,0)) ofSa{t) about {(po,0) as 

(4.31) = W'*(((po,0)) n B^y{cpo,0),ri) ,i = cu,c,u,s . 


Remark 4.3. 1) In the above theorem, Mq coincides with the (strongly) stable manifold W®((0,0)). 
2) if Ker(X) = { 0 }, then the center unstable manifold W™(( 0 , 0 )) coincides with the unstable 
manifold W“((0,0)) of (0,0), while Mq coincides with the stable manifold W'^((0,0)). 


A.2 below in order 


Remark 4.4. In the case where a = 0, we can also apply Theorems A.l 
to prove the existence of the strong unstable manifold and the existence of a center stable manifold 
around any equilibrium point of {KG)a as well as the existence of a foliation of THrad over the 


unstable manifold. This gives an alternative proof to the construction of a center stable manifold, 
by the Hadamard method in (for more details, see ||7| ). 
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Appendix A. Global invariant manifolds and foliations by the Lyapunov-Perron 

METHOD 


In this appendix, we recall the basic properties of invariant manifold theory that we 
applied to the equation (i«CG)a| m Section]^ We reproduce the theorems of Chen, Hale and 
Tan about global invariant manifolds and foliations as given in lITTI . For classical results 
on invariant manifolds, we also refer the reader to the books |!l 8 i|, Il2^ . 1301 . and UHl for 
example as well as to |2] and to 


Let X be a Banach space with norm || • ||x and S(f) : X —> X be a non-linear semigroup, 
satisfying the following hypotheses: 

(HA.l): S(.). : {t,x) e [0,-ioo) x X S{t)x e X is continuous and there exists a 
constant tq > 0 such that. 


sup Lip(S(f)) = D < - 1-00 . 

O^t^TQ 

(HA.2): There exists t, 0 < t ^ tq such that S(t) can be decomposed as 

S(t) =L + R, 


where L : X ^ X is a bounded linear operator and R : X —> X is a global Lipschitz 
continuous map, satisfying the following properties. 

(HA.2.1): There are subspaces X;, I = 1,2, of X and continuous projections R; : X ^ X; 
such that Ri -i R 2 = h X = Xi © X 2 , L leaves X;, i = 1,2, invariant and L commutes 
with Pi, i = 1,2. The restrictions Li of L to X; satisfy the following properties. 
The map Li has a bounded inverse and there exist constants 0 ^ 1 S 2 < jSi, C, ^ 1, 
i = 1,2, such that, for k ^ 0, 

||b2-^2||L(X,X) ^ C2/i2 ■ 

(HA.2.2): The maps L and R satisfy the condition 


(A.2) 


(Vq + 


Lip(R) < 1 


(A.3) 


-^2 

Chen, Hale and Tan considered the following quantity, for y e {[^ 2 , 1 ^ 1 ), 

Cl , C2 


A(y) = 


- y y - ^2 

A short computation shows that, under the condition ( |A.2| |, there exist y/, i = 1,2, with 
fii < yi < yi < jSi such that. 


(A.4) A(yi)Lip(R) = A(y 2 )Lip(R) = 1, and A(y)Lip(R) < 1, Vy e (y 2 ,yi) . 


In the trivial case, where Lip(R) = 0, one sets yi = and y 2 = ^ 2 . 

We are now able to state the first theorem, concerning the existence of an invariant 
manifold, which is a graph over Xi. 
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Theorem A.l. Assume that the hypotheses (HA.l), (HA.2) hold and that R(0) 
exists a globally Lipschitz map g : Xi ^ X 2 with g( 0 ) = 0 , and 


(A.5) 


. . . s . . CiC2Lip(R)y 

^ iSi(y - - A(y)Lip(R)) ' 


so that the Lipschitz submanifold 


0. Then there 


G = {xi +g{xi)\xi e Xi} 


satisfies the following properties: 

(i) : (Invariance) The restriction to G of the semi-flow S{t), t ^ 0, can be extended to a 
Lipschitz continuous flow on G. In particular, S{t)G = G, for any t ^ 0, and for any 
^ e G, there exists a unique negative semi-orbit u(t) e G ofS{.), t ^0,so that u{0) = 

(ii) : (Lyapunov exponent) If a negative semi-orbit u{t), i ^ 0, ofS{.) is contained in G, then, 

1 1 

(A.6) limsup ^ In |M(f)| ^ —Inyi . 


Conversely, if a negative semi-orbit u(t), t 0, of S(.) is contained in X satisfies 

1 1 

(A.7) limsup — In |M(f)| < — lny 2 . 

then, it is contained in G. 

(iii): (Smoothness) If the map S(t) : X ^ Xis of class C^, then g : Xi ^ X 2 is of class C^, 
that is, G is a -submanifold ofX. 


The second theorem states the existence of a foliation of X over the invariant manifold 

G. 


Theorem A.2. Assume that the hypotheses (HA.l), (HA.2) hold and that R(0) = 0. Then, there 
exists an invariant foliation ofX over G as follows. 

(i): (Invariance) There exists a continuous mapping L : X x X 2 ^ Xi such that, for any 
^ e G, £(^,P 2 ^) = Pi^ and the manifold = {x 2 + | ^2 e ^ 2 } passing through 

^ satisfies: 

(A.8) S(t)M^ cz Ms(t)^ , t ^ 0 , 

and 

(A.9) Al{ = {y e XI limsup - In |S(f)y — S(f)(^| ^ - lny 2 } . 

t-^OD I 


Moreover, the map £ :XxX 2 ^ Xi is uniformly Lipschitz continuous in the X 2 direction. 
(ii): (Completeness) Suppose in addition that 


(A.IO) [ 


mm 


CiC 2 Lip (R) 


rl [ 


mm 


CiC2Lip(R)y 


V 2 =£>'=s:n (jSi - y)(l - A(y)Lip(R))-' |Si(y - |S 2)(1 - A(y)Lip(R)) 
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Then, for any x eX, Mx g G consists of a single point. In particular, 
(A.ll) M^^^M^ = 0, Vf,peG, X = |J . 

£eG 


In other terms, {A4( | <^ e G} fs a foliation of X over G. 

Moreover, the mapping x e X ^ f,{x) = M.x nGisa continuous map from X into G ^ X. 
(iii): (Smoothness) If the map S(t) : X ^ X is of class C^, then i : X x X 2 ^ Xi is of class 
in the X 2 direction. Hence, Aif is a -submanifold of X, for any f, e G. 


Comments on the proof of Theorems |A.l and A.2 


Theorems A.l and A.2 are proved in lllll by first showing the corresponding results for the 
map S(t) and at the end coming back to the continuous dynamical system. This means 
that Theorems A.l and A.2|still hold for iterates of maps S(t). It suffices to replace f e R 
by nz, n e IN. Theorems A.l and A.2 are proved in lITTI by using the Lyapunov-Perron 
method. 


The property that the mapping x e X ^ f,{x) = A4x n G is a continuous map from X 
into G X is not stated in the main Theorem 1.1 of llTTI . It is merely a consequence of the 
proof of lITTl Lemma 3.4]. Indeed, given x e X, the intersection points f,{x) of M.x with G 
are the solutions of 


(A.12) ^(x) = y2 + t(x,y2) = i(^,yi) + g{f{A,yi)), 

where 1/2 e X 2 . This leads to study the fixed points of the map Fxiyi) = T{x,y 2 ) = 
g{i{x,y 2 )), depending on the parameter v e X. One can check that the condition ( |A.10| | 
implies that Fx : X 2 ^ X 2 is a strict contraction and therefore has a unique fixed point 
yiix). The continuity property of 1 / 2 (^) with respect to x e X is a direct consequence of the 
continuity of F with respect to the variable x e X and of the uniform contraction principle 
(see lH^ Theorem 2.2 on Page 25]). It follows that E,{x) = y 2 {^) + i{x,yifF)) e G is also 
continuous with respect to x e X. 


Remark A.3. If the equilibrium point 0 ofS{.) is hyperbolic, then we may choose 1 S 2 < 1 < jSi- In 
this case, G is the classical unstable manifold W“(0) and M^, F, e G, defines an invariant foliation 
of X over W“(0), with Alo being the classical stable manifold W®(0). And the solutions on AI 0 
decay exponentially to 0, as t goes to +00. 

If 0 is a non-hyperbolic equilibrium point and 1 S 2 < jSi < 1 ivith (Ii close to 1, then Theorems 
A.l and A.2 allow for the construction of the center-unstable manifold G = W™(0) o/O and a 


foliation over it. IfO is a non-hyperbolic equilibrium point and 1 < (I 2 < with fl 2 close to 1, then 
Theorems A.l and \A.2\ give the strongly unstable manifold G = W®“(0) o/O and a foliation over 
it. If y 2 < 1, the existence of the foliation implies that each positive semi-orbit ofS{t) converges 
exponentially to an orbit of G and is synchronized with this orbit in time. This property is often 
called “attraction" ofG with asymptotic phase". 

We emphasize that the construction in Theorems \A.l and A.2 is also interesting in the case where 
Sa{.) depends on a parameter a and < 1 < fi(a) with arbitrarily close to 1 as a 

converges say to Uq = 0. 
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Mutatis mutandis, repeating the arguments of the proofs of Theorems A.l| and A.2 
one can also show the existence of a Lipschitz manifold G = {^2 + f (^ 2 ) | ^2 £ ^ 2 } where 
g : X 2 ^ Xi is a globally Lipschitz map with g(0) = 0, such that G is invariant and such 
that, if a semi-orbit u{t), f ^ 0, of S(.) is contained in G, then. 


(A.13) 


1 1 
limsup - In |M(f)| ^ -Iny, 

f—,nn f T 


-1 

2 


where f^2 < 72 ^ < made more precise below, and also the existence of a 

foliation (in reverse time) of X over G. 

If S(t) is a non-linear group, these properties can be proved by reversing the time in 
Theorems|A.l and A.2| In Section]^ the existence of a center manifold played an important 
role. We can derive this existence by defining the center manifold as the intersection of 
the center stable and center unstable manifolds. The center stable manifold is constructed 
like the Lipschitz manifold G = {x 2 + g{x 2 ) | ^2 £ X 2 } described above. Since throughout 
the paper we are only dealing with groups, we will quickly show the existence of G by 
reversing the time in Theorem [Adj The constants appearing in the proof below are maybe 
not optimal, but we are not looking here for optimality. 

In addition to the hypothesis (HA.2), we assume now that 

(HA.3) : S(.). : (f,x) e (— 00 ,- 1 - 00 ) x X 1 —> S{t)x e X is continuous and there exists a 
constant tq > 0 such that, 

sup Lip(S(f)) = D < - 1-00 . 




(HA.4): S(—t) can be decomposed as 

S(-t) = L-i 


R 


(A.14) 


where t and L : X ^ X have been introduced in the hypothesis (HA.2) and where 
R : X ^ X is a global Lipschitz continuous map, satisfying the following property: 

{Vc^+VC 2 )\ 

-^i^2Gip[R) < 1 . 


^ 1-^2 

We remark that the linear map satisfies the hypothesis (HA.2.1) with Pi (resp. P 2 ) 
replaced by P 2 (resp. Pi), Ci (resp. C 2 ) replaced by C 2 (resp. Ci), and fii (resp. (^ 2 ) replaced 
by (resp. Indeed, we have 




(A.15) 

We next set 
(A.16) 


(L ^) ^P2||l(X,X) ^ C2(/l2 J 

||(L-1)'^Pi||l(x,x) ^ Ci(/l-i)'^ 


A(y) = 


C 2 


Cl 


^ 2 ^-f 
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As above, a short computation shows that, under the condition ( |A.14| |, there exist 
i = 1,2, with < 7i < y 2 < ^ 2 ^ such that, 

(A.17) A(yi)Lip(R) = A(y 2 )Lip(R) = 1, and A(yi)Lip(R) < 1, Vy e (yi,y 2 ) • 

We may now apply Theorem A.l to the nonlinear semigroup S{t) = S{—t) and we obtain 
the following result. 

Theorem A.4. Assume that the hypotheses (HA.2), (HA.3), and (HA.4) hold and that R(0) = 
R(0) = 0. Then there exists a globally Lipschitz map g : X 2 ^ Xi with g(0) = 0 and 

CiC2Lip(R)^i^2 


(A.18) 


Lip(R) ^ min 


- l/y)(l - A(y)Lip(R)) 

so that the Lipschitz submanifold 

G= {X 2 + giX 2 ) I V 2 e X 2 } 

satisfies the following properties: 

(i): (Invariance) G is invariant under S(t), i.e., S{t)G = G,for any t ^ 0. 


(ii): (Lyapunov exponent) If a positive semi-orbit u{t), t ^ 0, ofS(.) is contained in G, then, 


limsup - In |M(t)| ^ 

t^oo ^ 



1 

72 ■ 


Gonversely, if a positive semi-orbit u(t), t ^ 0, ofS{.) in X, satisfies 


(A.19) 


1 11 
limsup - In \u(t)\ < - In — . 
t T yT 


then, it is contained in G. 

(iii): (Smoothness) If the map S(t) : X ^ Xis of class C^, then g : X 2 ^ Xi is of class C^, 
that is, G is a G^-submanifold ofX. 

We next consider the classical case where S(.) is a non-linear group satisfying the 
assumption (HA.3) as well as 

(HA.5): The point 0 is an equilibrium point of S(.). And there exists t, 0 < t ^ tq 
such that S(t) and S(—t) can be decomposed as follows 

S(t)=L + R, S(-t)=L-^+R, 

where L : X —> X is a bounded linear operator, R : X ^ X and R : X —> X are global 
Lipschitz continuous maps, satisfying the following properties. 

(HA.5.1): The spectrum o(L) of L can be written as 

a(L) = yj yj 0 “ , 


where a®, o‘^ and 0 “ are closed subsets of {A 6 C | |A| < 1}, {A 6 C | |A| = 1}, and 
{AeC||A| > 1}. 
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There exists ?] > 0 such that 

(A.20) cT® <= {A 6 C I |A| < 1 — 7]}, a“ <= {A 6 C I |A| > 1 + 7]} 

We set: u and u a®. Let P, be the spectral (continuous) projector 

associated to the spectral set a' and let X, be the image X/ = P;X, where i = cu, cs, u, s, c. 
We have that Pcu Ps — I — PcsT Pu- The linear map L leaves Xj invariant and commutes 
with Pi, i = cu, cs, u, s, c. 

Now we choose 0 < £ < 7]/2. The restrictions L, of L to X, satisfy the following properties. 
There exist constants Ci ^ 1 and C 2 ^ 1 such that, for 0, 


(A.21) 

and 

(A.22) 


-cifPcu\\L(X,X) - e) 

WP^Ps\\l(X,X) ^C2(1 - 7])^ , 


\\{Pcs^) ^-Pcs||l(X,X) ^ C2((l + £) 

\\{Pu'^)’^Pu\\l{X,X) ^ Ci((l + 7])“^)^ . 

We further assume that the maps R and R satisfy the conditions. 
(HA.5.2): The following inequalities hold 

(VQ+ ^/c ^)2 


(A.23) 


7] — £ 


-Lip(R) < 1, 


and 


(A.24) 


(VQ+ 

7] — £ 


(1 + £)(! + 7])Lip(R) < 1 


(HA.5.3): We define the function A(y) as in ( |A.3| |, that is, 

(A.25) A(y) = —, 

1 — £ — y y — 1 + 7] 

and the quantities y,-, i = 1,2, with 1 — 7] < y 2 < yi < 1 — £, satisfying ( |A.4| |. 
Likewise, we define the function A(y) as in (|A.16|), that is. 


(A.26) 


A(y) = 


C 2 


Cl 


(1 + £)“i - y 

and the quantities fi, i = 1,2, with (1 
dAlTt . 

We next introduce the function A* (y*): 
(A.27) A='(y=') = 


y- (1 + 7])-i 

7 ])“^ < yi < y 2 < (1 + satisfying 


C 2 


1 + 7] — y* y* — 1 — £' 
and the quantities y*, i = 1,2, with 1 + £ < y^ < y* < 1 + 7], satisfying 
(A.28) A='(y*)Lip(R) =A(y*)Lip(R) = 1, andA='(y)Lip(R) <1, Vy* e (y*,yj=) . 
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We finally require that the following inequality holds: 


(A.29) 


mm 


CiC2Lip(R)y 


X mm 


CiC 2 Lip(R)(l + £)(! + rj) 


< 1 . 


rz^y^n (1 - e)(y - 1 + ?])(1 - A(y)Lip(R)) yi^y^yz (! + ?]- l/y)(l - A(y)Lip(R)) 

Applying Theorems A.l and |A.4 to the above flow S(.), we obtain the following prop¬ 
erties, which are used in Sections and 

Theorem A.5. Assume that the hypotheses (HA.3) and (HA.5) are satisfied. Then, the following 
properties hold. 

(1) There exists a globally Lipschitz map gcu '■ '^cu gcu(O) = 0, so that the Lipschitz 

center unstable manifold W™(0) 

W™(0) = {Xc + Xu + gcuixc + Xu) \xce Xc,Xu e X„} 

satisfies all the properties described in Theorem A.l In particular, if S{t) is of class C^, 
then gcu ■ Xcu Xs is of class C^. 

(2) There exists a globally Lipschitz map gu : Xu Xcs with gu{0) = 0, so that the Lipschitz 
unstable (also called strongly unstable) manifold W''(0) 

W''(0) = {xu + gu{xu) \xueXu} 


satisfies all the properties described in Theorem A.l with y replaced by y* and ji replaced 
by y*, i = 1,2. In particular, ifSir) is of class C^, then gu'-Xu ^ Xcs is of class C^. 

And, if a negative semi-orbit u{t), f ^ 0, ofS{.) is contained in W“(0), then. 


(A.30) 


1 1 
limsup — In |M(f)| ^ — Iny 

00 rl X 


■ Xu with gcs(O) = 0 so that the Lipschitz 

W‘'"(0) = {Xc -f Xs -h gcs{Xc + Xs) I Xc e Xc,Xs e Xs} 


(3) There exists a globally Lipschitz map gcs : X, 
center stable manifold W‘^®(0) 


satisfies all the properties described in Theorem 
then gcs : Xcs is of class C^. 

(4) There exists a globally Lipschitz map gc : Xc 
Lipschitz center manifold W‘^(0) 


A.4 


In particular, if S{t) is of class C^, 


Xs © Xu with ^c(O) = 0, so that the 


W^(0) = {xs + gcixc) I Xs 6 Xc} = W™(0) n W“(0) 
satisfies the following properties: 

(i) W‘^(0) is invariant under S{t), i.e., S(f)W‘^(0) = W‘^{0),for any t ^ 0. 

(ii) The properties (ii) of Theorem A.l and the properties (ii) of Theorem A.4 hold. In 
particular, if a trajectory u{t), t e (— 00 , 00 ) ofS{.) is contained in W‘^(0), then 

1 1 111 
limsup — In \u{t)\ ^ — Inyi, limsup - In \u{t)\ ^ - In 




t—>ca 


t 


72 


(A.31) 
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Moreover, W‘^(0) contains all the equilibria ofS{t). 

(in) If the map S(t) : X ^ X is of class C^, then : Xc ^ Xg © Xu is of class C^, that is, 
W‘^(0) is a -submanifold ofX. 

(5) If moreover the condition (|A.10|) holds with fli = 1 — e and ^2 = 1 — q, then one has a 


foliation ofX over W™(0) as defined in Theorem A.2 


Proof (1) Statements (1) and (5) are direct consequences of Theorem A.l and Theorem A.2 
respectively, applied to the case where fli = 1 — e and /I 2 = 1 — ?]• 

(2) Statement (2) is a direct consequence of Theorem A.l applied to the case where 
= 1 + 7] and jSi = 1 + £. 

(3) Statement (3) is a direct consequence of Theorem A.4 applied to the case where 

^ 2 ^ = (1 + and = (1 + q)~^- 

Let us next prove the statement (4). We are looking for the trajectories u(t), which satisfy 
both properties of (|A.31|). These two properties together are satisfied only by the elements 
in W™(0) n W“(0). 

Thus, we are looking for the elements x = Xc + Xg + Xu so that 

(A.32) XqX ugcu(XcXu) = XcTXg-qgcs(Xc-\-Xg) = XqT gcui^c~h^u)~hgcsi^cTgcui^oT^u)) r 

or also for the elements Xu e Xu satisfying 

(A.33) Xu = gcsi^c T gcuiXc T ^u)) ■ 


In other terms, given Xc e Xg, we are looking for the fixed point of the map Xu ^ Xu ^ 
F{Xc,Xu) = gcsiXc + g cuixc T Xu)) G Xu‘ lA/e notice that the Lipschitz constant of F(x,^,.) 
satisfies 

Lip(f(Vc,.)) ^ Lip(^cs) X Lip(^cu) • 

By Theorems |A.l| and |A.4| and the assumption ( |A.29| |, we have, for any xq e Xq 
(A.34) 

Lip(F(xc,.) ^ 

CiC2Lip(R)7 . CiC2Lip(R)(l + £)(1 + ?]) 

mm -—---r——— ; —r- X mm - ^; — < 1. 

(1 - e){y -l + q)(l- A(7)Lip(R)) (1 + q- l/y)(l - A(7)Lip(R)) 

Therefore, Xu e Xu F(xc,Xu) e Xu is a strict contraction, uniformly in Xc. Thus, for any 
Xc 6 Xc, there exists a unique fixed point h{xc) e Xu oIF{xc ,.). And gc{xc) is given by 

gc(Xc) =Xc + h(Xc) + gcifXc + h(xc)) . 


The regularity of the map gc is proved by using the regularity of the mappings gcu and gcs 
and by applying the uniform contraction principle of IfT^ Theorem 2.2 on Page 25]. □ 


Remark A.6. 1. If the equilibrium point is hyperbolic (that is, M = 0), then one can choose 
e = 7] in the hypotheses (HA.5.1) and (HA.5.2). The center unstable manifold W™(0) and the 
(strongly) unstable manifold W"(0) coincide (that is, gcu = gu)- 2)nd the center manifold W‘^(0) 
reduces to 0. 

2. In the above theorem, we have only stated those properties which are used in this paper. We leave 
it to the reader to state the existence of the (strongly) stable manifold. 
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Appendix B. Classical convergence results 


In the study of asymptotic behaviour of dynamical systems, one often encounters the 
following question: knowing that the cu-limit set of a relatively compact trajectory contains 
an equilibrium point Xq, does this cu-limit set reduce to the point Xq, i.e., does the trajectory 
converge to xq? This question is especially interesting in the case of gradient systems (that 
is, systems which admit a strict Lyapunov functional). In fact, consider a gradient system 
with a hyperbolic equilibrium Xq. Then Xq is isolated and the whole trajectory converges 
to this point Xq. If the equilibrium Xq is not hyperbolic and the spectrum of the linearized 
dynamical system around xq intersects the unit circle, then xq could lie in a continuum 
of equilibria, which could be contained in the cu-limit set. If xq belongs to a normally 
hyperbolic manifold of equilibria, we can still have convergence to xq, under additional 
hypotheses. 

In the proof of Theorem |1.2} we use the convergence property to an equilibrium point in 
order to prove the boundedness of the orbits, which are global in forward time. We recall 
here the general convergence property in the form proved by Brunovsky and Polacik in 
i5l, who extended earlier convergence results, proved for example by Aulbach IB in the 
finite-dimensional frame, or by Hale and Raugel 12^ , who generalised the convergence 
property of Aulbach to the infinite-dimensional setting (see also the paper Il25l of 1982, 
and ||4^ for applications). In the case of the one-dimensional parabolic equation with 
separate boundary conditions, convergence proofs had been given before in 1^ and Il47l . 

Let X be a Banach space and O : X ^ X be a continuous map admitting a fixed point 
1 / 0 - Without loss of generality, we may choose i/o = 0- Brunovsky and Polacik assumed 
the following hypotheses: 

• (HB.l) There exists a neighborhood LI of 0 in X so that the restriction 0|^ : LL —> X 
is of class C^. 

• (HB.2)Thespectruma(DF(0))canbewrittenasa(DF(0)) = a®ua‘^ua“,wherea®, 
and are closed subsets of {A e C | |A| < 1}, {A e C | |A| = 1}, and {A e C | |A| > 1}. 

As in Appendix A, we introduce the spectral projectors F; of B = DF(0) associated with 
the spectral sets a', i = s,c,u and the images X, = P;X. We recall that these spaces are all 
B-invariant and X = Xg © X^ © Xj,. We also denote Xcu = X^ © Xj,. 


As we have seen in Appendix A, the hypotheses (HB.l) and (HB.2) allow one to construct 
Lipschitz continuous local center unstable and local center manifolds W™ (0), W|j^^(0) of O 
at 0 as graphs over Xcu and Xc, respectively, and also the local unstable manifold W“^(0) 
as a graph over Xu, by extending the map O into a global Lipschitz continuous and 
mapping O, which coincides with O on the ball Bx(0,6) of center 0 and radius 6 > 0 
(6 being small enough), and by applying Theorems A.l and A.5 These local invariant 
manifolds are defined in the following way 


(B.l) Wi,^(0) = W'(0), i = cu,c,u, 

where W™(0), W^(0) and W“(0) are the global center stable, center and unstable manifolds 
of O around 0. 




LONG TIME DYNAMICS FOR DAMPED KLEIN-GORDON EQUATIONS 


53 


Wf" 

IOC 


On the other hand. Theorem A.2 in Appendix A on the invariant foliations implies that 
(0) is exponentially attractive in X with asymptotic phase (see Appendix ^for more 
details). Likewise, one can show that is exponentially attractive in backward time 

in kV;™ (0) with asymptotic phase. These asymptotic phase properties are among the key 
arguments in the proof of the main convergence theorem|B.2|below. 


Remark B.l. Actually, the hypothesis (HB.l) can be replaced by the weaker hypothesis: 
(HB.lbis) There exists a neighborhood U ofO in X so that the restriction ®|^ : U ^ Xis Lipschitz 
continuous and differentiable at every fixed point contained in U. 


Before stating the main convergence result of |0, we introduce the concept of stability 
restricted to W: (0). We say that 0 is stable for the map (-Qy if, for any c > 0, there 
exists I] > 0 such that, for any y e with ||y||x ^ i], we have 


(B.2) 


||0”(i/)||x^£, Vn = 0,1,2,. 


As pointed out in IQ, this stability is independent of the choice of the local center 
manifold W^^^^(O). The independence of this stability on the choice of the local center 
manifold can be proved by using foliations as in the paper of [j6l, who actually showed that 
the flows on different local center manifolds are conjugated (under some more restrictive 
hypotheses, which can be easily removed). As also remarked in [51, the fact that the 
stability is independent of the choice of the local centre manifold, is not needed in the 
proof of Theorem|B.2|below. 


Theorem B.2. Assume that the hypotheses (HB.l) (or (HB.lbis)) and (HB.l) hold. Let xq e X 
be such that the fixed point 0 belongs to the co-limit set co{xo) of xq. Assume that either Xcu is 
finite-dimensional or that the trajectory O”(xo), n = 1,2, • • •, ofxo is relatively compact. Assume, 
moreover, that 0 is stable for the map (gy where W|j^^(0) is a local center manifold ofO. 

Then either O”(vo) converges to 0 as n ^ co, or co{xo) contains a point of the local unstable 
manifold W“^(0) o/O, distinct from 0. 

Theorem |B.2| generalises the above mentioned convergence result of 1^ in two ways. 
Firstly, the hypotheses do not require that co{xo) consists only of fixed points. Secondly, it 
does not require that the trajectory O”(vo), n = 1,2, • • •, of xq be relatively compact. But, 
of course, it requires the additional stability property defined above. 

In |5l|, Brunovsky and Polacik have proved the following lemma (see [Sl Lemma 1]) and 
have obtained Theorem|B.2|as a direct consequence of it. We emphasize that Lemma |B.3|is 
really a local result anf that Lemma [B.3| will hold for any mapping O* :ye'l/t->0*i/eX 
coinciding with O in 'Ll. In particular, O* need not be well defined outside 'Ll, which is 
the case in our application in Section 3. 


Lemma B.3. Assume that the hypotheses (HB.l) (or (HB.lbis)) and (HB.l) hold, that 6 > 0 is 
small enough so that Bx(0,6) a 'H and that 0 is stable for the map ^q-,. Let x^ e X and 

loc^ ' 

pj^ef^be sequences satisfying the following properties: 

( 1 ) Xi^Bask^ + 00 . 







54 


N. BURQ, G. RAUGEL, W. SCHLAG 


(2) e Bx{0,^) for j = 0,1,2, ... ,pk and OP*^+i(Ajt) i Bx{0,p), where 0 < jS < 6. 

(3) In the case, where dimXcu = oo, the set 1^ ^ IN,; = 0,...,pk} is relatively 

compact. 

Then OP''(aj.) contains a subsequence converging to an element o/W''^(0)\{0}. 

As an easy consequence of Theorem |B.2[ Brunovsky and Polacik have obtained the 
following more classical theorem. 

Theorem B.4. Assume that the hypotheses (HB.l) (or (HB.lbis)) and (HB.2) hold. Let xq be a 
point in X such that the fixed point 0 belongs to the co-limit set co{xo) of xq and such that co{xo) 
is contained in the set Fix(O) of fixed points o/O. Assume that either Xcu is finite-dimensional or 
that the trajectory O”(xo), n = 1,2, • • •, ofxQ is relatively compact. Assume moreover that one of 
the following two properties holds: 

(1) dimX‘^ = 1 and the trajectory O”(xo), n = 1,2, • • •, ofxQ is relatively compact. 

(2) dimX‘^ = m < 00 and there is a submanifold M ^ X with dimM = m such that 
0 e M ^ Fix(O). 

Then co{xo) = {0}. 

Proof. We give the proof, because it is short. 

First assume that (2) holds. Then, if 6 > 0 is small enough, the sets M and W“^(0) 
coincide since M they both have the same dimension m. The assumption 

M ^ Fix(O) thus implies that 0 is stable for the map Since W“^(0)\{0} contains 

no fixed point if 6 > 0 is small enough and since (jo{xq) e Fix(O), Theorem |R2| implies that 
(o{xq) = { 0 }. 

In the case (1), we first remark that, since the trajectory O”(xo), n = 1,2, • • •, of xq is 
relatively compact and since (o{xo) consists only of fixed points, the omega-limit set cu(xo) 
is connected (see for example 1^ Lemma 2.7]). If co{xo) contains more than one fixed 
point, then all fixed points near 0 are contained in Wjj^^(O) and thus 0 belongs to a curve 
of fixed points. If 0 belongs to the relative interior of this curve, one applies the case (2), 
which leads to a contradiction. If 0 does not belong to the relative interior of this curve, 
we consider a fixed point y* near 0, contained in the relative interior of this curve of fixed 
points and in cu(xo). Replacing O by 0(y* -i- x), we are now back to the case (2). Applying 
the case (2), we obtain that cu(xo) = y* , which also leads to a contradiction. □ 


Suppose we consider an element xq e X such that we do not a priori know that the 
trajectory {O”(xo) | n e IN} is bounded. Then, even if dim X'^ = 1, we cannot directly apply 
case (1) of Theorem |B.4| Indeed, the proof of case (1) uses the connectedness property 


of cu(xo). One can then try to apply the more general Theorem B.2 in order to obtain a 
convergence result. 

In Section |3^ we encountered such a case. We did not know there that the forward 
trajectory {Sa{t)uo | f ^ 0} is bounded. Thus, as in the proof of Lemma B.3 we used the 
property that W™ (0) is exponentially attractive in X with asymptotic phase together with 
the fact that dimX‘^ = 1, to obtain that Sa{t) has the stability property ( |3.41 1 (or ( |B.2| |). 
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Then, we applied Theorem |B.2| to the time T-map O = where t > 0 is small enough, 

in order to obtain the convergence result. 

Since the arguments in Section [3^ did not use the particular properties of Sa{t), it is also 
valid in the case of a more general semi-flow and allows us to state the following general 
result. 

Corollary B.5. Assume that the map ^ = S(t) where S{t) : RxX ^ X is a continuous dynamical 
system and that z > 0 is a small enough positive time, so that O = S(t) satisfies the hypotheses 
(HB.l) (or (HB.lbis)) and (HB.2). Let xq be a point in X such that the equilibrium point 0 belongs 
to the co-limit set co{xo) o/xq and such that co{x(j) is contained in the set of equilibrium points of 
S{t). Assume that either Xcu is finite-dimensional or that the trajectory O”(xo), n = 1,2, ■■■, of 
xq is relatively compact. Assume moreover that dimX*^ = 1. Then co{xo) = {0}. 

Let us finally notice that, in the case of gradient systems generated by some evolutionary 
equations with an analytic non-linearity or satisfying the hypotheses (1) or (2) of Theorem 

a one also obtains convergence results based on the Lojasiewicz inequality (see ||4^|2Zl 
and on the construction of appropriate energy functionals, when the trajectories are 
relatively compact. The convergence proofs given Il4^ |27j require in an essential way 
that the trajectory S {t)xo, f ^ 0, be relatively compact and thus do not seem to be applicable 
in Section l3^ above. 
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